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ABSTRACT 
A viscous -inviscid interaction procedure is developed for pr edicting 
heat transfer in s teady , two- dimensional variable property subsonic 
separated flows . The flow is assumed to consist of thin viscous regions 
near solid boundaries with an inviscid freestream . 
Separated and attached viscous regions are r epresented by the 
standard boundary layer equations . The streamfunction is introduced fo r 
simplici t y . A simple coo rdinate transformation based on Prandtl' s 
transposition theorem is presented for irregular walls. The boundary 
layer continuity and momentum equations are solved simultaneously in an 
inverse manner whereby the displacement thickness is specified as an 
outer boundary condition. The energy equation is then solved after the 
velocities are ob tained at each marching step . The strear:JWise convective 
term in both the momentum and energy equations is altered in regions of 
reversed flow t o permit marching the solut ion in the streamwise direction . 
The invis cid freestream is ass umed incompressible and irrotational. 
The Laplace equation in transformed coordina t es is solved for 
streamfunction in the effective flow channel defined by the boundary 
l ayer displacement thickness using an ADI finite difference scheme . 
• The viscous and inviscid flow regimes are alternately solved using 
the common displacement thickness, which is updated iteratively until 
the edge velocities obtained from both models are in agreement . 
Prior to treating cases with heat transfer, the interaction 
procedure is evaluated for a simple internal channel and a symmetric 
diffuser. Some comments are made on the level of convergence obtainable 
xvii 
in light of the effects of grid refinement and interpolation routines. 
Heat transfer results are presented fo r a full y developed laminar 
flow with an asymme tric expansion . 
Heat transfer results for laminar flows over a rearward- facing 
s tep a r e presented and compared to results from a more complex (fully 
elliptic) energy equation and experimental data. 
The computed resul ts were generally in good agreement with 
experimental data. It was found that the degree of flow development at 
the s t ep played a strong r ole in determining the charac t eristics of the 
separated region . 
The interac tion model appears to form a sound base from which 
turbulent calculations may be made . 
1 
I. I NTRODUCTI ON 
A. The Problem 
The mechanisms of flow separation have been an ar ea of interest f or 
scientists and engineers for many years . The disastrous effects of flow 
separa tion on airfoil and duct performance a re well- known. Under some 
circumstances, however, flow separation may be advantageous. The 
increased mixing effects in separated flows are useful in burner flame 
s tabilization and chemically r eac ting flows. Convective heat and mass 
transfer rates a re also influenced by separated flows. Due t o continuing 
demands on engineer s to develop smaller, mor e efficient heat exchangers, 
fo r ced flow separ a tion has been utilized as a mechanism t o enhance 
convective hea t transfer . Since the exact cha r ac teris tics of 
recirculating flows are no t known analy tically , designer s mus t resort t o 
the use of experimenta l and/or numerical data in developing mode l s for 
predicting heat transfer rates . In a recent study on heat transfe r 
mechani s ms in separat ed fo r ced convection, Aung and Watkins [l] indicated 
that the quantita tive descr ip tion of flow separ ation of pr ac tical in terest 
s uch as turbulence promoters in heat exchangers and combustion r amje t 
development s till r elies heavil y on empi rical da ta . 
In this s tudy , a viscous-inviscid in t erac tion scheme is presen t ed 
for predicting heat transfer i n va r iab l e property, subsonic separ ated 
flows . The primary purpose of this s tudy is t o develop a sound 
computational model fo r laminar flow which can later be extended to 
turbulen t flow . 
2 
B. Rearward- Facing Steps 
Flow separa tion occurs in the presence of both wall friction and an 
adve r se pressure gradient . Typically , ~uch conditions exist in shock 
wave boundary layer interactions and sharp changes in geome try . In t he 
study of separated flows , the r earward- facing s tep geome tries have 
received a great deal of attention. Figure 1.1 displays several 
variations which exhibit step-type flows . Included are the symmetric 
two- dimensional channel and axisymmetric channel s udden expansions, as 
well as the asynunetric s udden expansion and the external flow over a wall 
with a surface step. The rearward-facing s t ep geometries provide a 
simple, consistent flow model with the advantage that the size of the 
separated region may be varied by the s ize of the step since the flow 
always separates at the shar p corner . Physical applications of such 
geome tries abound in burner assemblies, sudden expansions in channels 
and pipes, nuclear r eactor coolant channels, and heat exchange r plenum 
inlets . 
While the rearwa rd-facing s t ep geome t ry appears simple , the resulting 
flowfield is act ually quite compl ex . A typical asymmetric expansion 
flowfield is presented in Figure 1. 2 . Several characteris tics of this 
fl owfield are ext endable t o the other geomet ries discussed . A 
developing flow app roaches the step from l eft to right . Viscous boundary 
l ayer s grow on each wall unde r the influence of wall shear . In 
an ticipation of t he step , the boundary layers deviate from normal 
development near the expansion due to s treamline curvature . At the s t ep, 
the f l ow separ ates nearly tangentially from the wall . The streamline 
3 
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separating the mainstream from the recircula ting region is t ypically 
termed the dividing s treamline. The separ a t ed r egion is subjec t ed to 
both ups tream and downstream effects which influence i ts size and extent . 
Eventually, shear and pressure forces displace the mainstream flow t owards 
the lower wall until it eventually reattaches. The reattachment point is 
the location where the dividing streamline meets the stepped wall 
downstream from the point of separ ation. The distance from separation 
to reattachment is app r opriately termed the reattachment length . As the 
flow progresses, a new boundary layer develops in the shear layer 
remaining from the separated region. This new boundary layer eventually 
engulfs t he remaining shear layer and typical boundary layer growth 
continues . 
Heat transfer along the walls for such a flow generally agrees well 
wi th boundary layer theory except for regions of separation and 
reattachment. Heat transfer coefficients for the separa t ed region 
downstream of the step grow f r om near zero at the outer expansion corner 
of the s t ep, and increas ing in magnitude with downstream distance from 
the s tep . 
For a laminar flow, these values asymptotically approach the 
corr esponding coefficients for an identical attached flow (without a 
step) until they agree in the redeveloped boundary layer downstream 
f r om reattachment. In a turbulent flow, heat transfer coefficients 
generally r each a peak near reattachment which may be several times 
larger than the corresponding at t ached flow value . In many cases , this 
peak in heat transfer overshadows the l ower coefficients in the separated 
6 
r egion and t hus t he possib i lity of enhancing overall heat t r ansfer in a 
flow through separati on is apparent . In practice , t he locat ion of 
maximum heat transfe r and the reattachment point a r e often assumed t o be 
concurrent, although the exact co r relation be tween the two i s not well 
defined . In fact , a r ecent study by Arrnaly ~al. [2] has shown that the 
Reynolds analogy linking friction and heat transfer does not hold in a 
separated and reattaching flow, and hence the two points are not expected 
t o be congruent . In fact , some evidence exis t s [3] which indica tes t ha t 
maximum heat transfer occurs before reat t achmen t . 
In general, separating and r eattaching flows are divided into t h r ee 
categories depending upon the s tate of f l ow upstream and downs tream of 
the separated regi on . A laminar flow which passes through separation 
and redevelops into a laminar flow is t ermed fully laminar, while a 
similar situation involving a turbulent flow both upstream and downst r eam 
of the separated zone defines a f ully turbulent flow . Some s tudies [4 , S] 
determine a critical Reynolds number beyond which a laminar flow may 
undergo transition to turbulence somewhere between separa t ion and 
redevelopment, hence the flow is t ermed transitional . The exact poin t of 
transition t o turbulence in a separated fl ow i s not well-defined , t hus 
al l transitiona l fl ows a r e lumped into one category . The case of a 
separating turbulent f l ow somehow redeveloping into a lamina r flow due 
t o separ a tion has not been observed t o occur and will not be consider ed 
in this s tudy . 
7 
C. Literature Review 
In this section , a review of the li t erature on previous s tudies of 
heat transfer in separated flows (especially rearward- facing step flows) 
is p resented . It should be noted that the majority of these studies 
deal with tur bulent and supersonic flows, while the present study 
focuses on s ubsonic , laminar flow. However , for completeness , al l cases 
will be considered. 
1 . Separ a t ed flows wi t hout heat transfer 
A large number of s t udies on r earwar d-facing step flows reported 
velocity data onl y. These cases will not be discusse d in detail here . 
Mos t of these studies dealt with the effects of Reynolds number, step 
height , and momentum thickness on t he reattachment length o f the 
separ ated r egion . The most relevant of these are the laminar studies by 
·Eriksen [6], Annaly~ al . [4], Denham and Pa trick [7] and Golds tein 
~al . [8] . Cramer [9] suggests a correlation of r eattachment length 
(x) versus a function us ing step height (s), displ acement th ickness at 
r 
* the step (6 ) and Reynolds number (Re *) based on an analysis of a 
s 6 
laminar spreading j e t of t he form : s 
x - x 2 r s 0 . 333 s + 2 (~)] (1.1) = Re * [(*) * 6 6 6 6 s s s s 
In a least sq ua r es fit for experimental data , Eriksen [ 6] s ugges ts a 
s imilar equation : 
x - x 2 r s 
[ (~) s * 0 . 01325 Re * + 2 (*)] (1. 2) 6 6 0 0 s s s s 
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where the difference in constants is due t o the assumption o f an 
undeflected jet in Cramer ' s analysis . Goldstein~ al . [8] found a 
linear relationship between reattachmen t length and a Reynolds number 
based on s t ep height according to: 
x - x r s 2 .13 + 0.021 Re 
s s 
(1 . 3) 
subject to : 
o* 
> 0 . 4 and Re < 520 s s (1 .4) 
using their own experimental data. This linear behavior is also reported 
for laminar axisymmetric flow in a sudden pipe expansion by Macagno and 
Hung [10 ] , but is shown t o be of limi t ed application in bvo- dimensional 
asymmetric expansions by Denham and Patrick [7] and Ar maly ~al . [4] . 
For turbulen t flow, reattachmen t lengths display an increase with 
an increase in Reynolds number. Eventually , a critical Reynolds number 
is reached beyond which the reattachment length remains cons tant. In 
recent studies , Smyth [11], Restivo and Whitelaw [12], and Ethridge and 
Kemp [13] utilized laser anemometry to provide detailed measurements of 
velocities , turbulent fluctuations, and reattachment lengths in 
rearward- facing step flows . 
Since this s tudy is primarily conce rned with laminar flow, no more 
men tion of turbulent flow will be made except for those cases involving 
hea t transfer. For a more complete listing and description of turbulent 
flowfield studies , the reader is referred t o the work of Kwon and 
Pletcher [14]. 
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2. Separated flows with heat transfer 
a . Analytical The paper by Aung and Watkins [l] provides a 
r eview of heat transfer mechanisms in separated forced convection. Most 
theoretical studies in this area follow an anal ysis first pr esen t ed by 
Chapman [15 ] . Chapman investigated heat transfer in a separ a ted cavity 
f l ow . He assumed that the flow was lamina r and compr essible , and that 
the shear layer thickness was zero at the s tart of the cavity . By 
assuming that the temperature in the separated regi on was equal t o t he 
wall tempera ture and that velocities in the separ a t ed region were 
negligible, the governing equations wer e solved to yield : 
Nu 
= 0.56 (Pr o. 72) (1. 5) 
where Nu is the aver age Nusselt number in the separated region and 
NuA is the average Nusselt number for the corresponding a ttached flow . 
Thus , for l aminar flow, the th eor y indicates that separ ation produces an 
over al l reduc tion in heat transfer. Chapman ' s theory i s ex tendable t o 
turbulent flow if turbulen t diffusivities are specified . Using 
experimental da t a , Chapman fo und the Nusselt number ratio of separated 
to attached f low t o be 6. 3 for a Mach number of zer o and 2 . 8 for a Hach . 
number of 1 . 6 . Thus , the importance of turbulent separated flow in heat 
transfer applica t ions becomes obvious . Chapman ' s predictions for 
laminar flow have been verified experimentally by Aung [5] and 
Lar son [16]. In a turbulen t study , Lars on [161 found th e Nusselt number 
ratio t o be about 5 for all ~~ch numbers . Thus, qualitative agreement 
was fo und with Chapman' s results, but the s trong Mach number dependence 
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of the flows was not noted . This i s due t o the str ong t emper a t ur e 
gradients in the flow which were no t a part of Chapman ' s assumptions . 
Other s have extended Chapman ' s analysis t o various flow conditions . 
Aung [5] employs a separated cavity analysis fo r subsonic flows which 
y ielded conclusions similar t o Chapman ' s . Chung and Viegas [17] extended 
Chapman ' s theor y t o predict heat transfer in the reattachmen t r egion of a 
separated flow and estimated coefficients 4 t o 5 times greater than 
co rresponding at t ached flows . 
Spalding [18] developed a one- dimensional t heo r y for heat t ransfer 
in separat ed turbulent flows by considering the transport equation fo r 
turbulent kinetic energy . A solution to the simplified equation 
indicated that the main feature of heat transfer in turbulent separated 
flow appears to be caused by the t e nden cy of turbulent ener gy , generated 
in regions of free turbulence, t o di ffuse t owards regio ns of l ower 
turbulence . The so lution also yielded a power law r e l a t ion for Stanton 
number and Reynolds number involving turbulent kine tic energy 
(k
1 
at y
1
) of the form : 
0 . 4 
St (ReH. ) 
in 
3 . 2(kll /2/ u)0 . 6 (Hin /yl )0 .4 
p + 15.5 (1. 6) 
where Pis a function developed by Spalding and Jayatillaka [19] . In 
comparisons with the experimental results of Seban [20] and Ede [21] , 
res ult s were good, e xcept near rea ttachment where the flow becomes 
multidimens ional . 
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Othe r th eories of heat transfer in separated flow deal mainly with 
bluff body wakes and will not be discussed in this study . Additional 
info rma tion is available in Aung and Watkins (1) and Chilcott [22] . 
b . Experimen tal A great many experimental studies on separated 
s upe r sonic f l ows wer e conduc t ed in the 1950s due t o the impor tan ce of 
these flows in applications r e l a t ed t o high speed aircr aft . Since then , 
t he number of s tudies has dwindled, but research continues to appear in 
various o t her flow r egimes due t o new applications in biological systems 
and heat exchangers . 
Relatively little da t a on heat transfer in laminar separ ating flows 
over r earward- facing steps are available . Armaly ~al . (2) pr esented 
lase r doppl er anemometer flow meas urements with heat and mass transfer 
r a tes for l aminar , transitional , and turbulent fully developed flow of 
ai r over an asynnnetric s tep. Heat transfer results were obtained using 
a constant temperature heated plat e . Mass transfer rates were calculated 
f r om an ammonia-manganese chl o r ide reac t ion technique . Under various 
conditions , additional separ ated r egions were noted on the nonstepped 
wall, and also downstream of reattachment of the main separa t ed r egion . 
It was noted tha t these additional r ecirculating regions caused the 
flow to become thr ee-dimensional . The Reynolds analogy relating the 
local wall shear str ess t o the local heat transfer was noted to be 
inapplicable in the separ ated r egi on . Due to this discrepancy , it was 
concluded that the point of maximum heat transfer is not necessarily 
the r eattachment point for turbulent flow . 
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Sparrow and Kalejs [23) performed experiments t o determine local 
convective coefficients in a channel downstream of a partially 
constric t ed inle t for laminar flow . Local convective coefficients were 
determined using a napthalene sublimation technique empl oying a heat- mass 
transfer analogy with ai r as the working fluid . These results a r e not 
directly applicable t o channel flows due t o the vena contracta effect of 
the constricted inlet, but qualitative agreement with channel flow data 
is apparent. Both l ong and s hort stalled regi ons were noted on the 
upper and l ower walls downstream of the constri c t ed inlet. An addi tional 
tertiary region of enhanced hea t transfer was noted downstream of 
r eat t achment of the primary r ecir cul ating zone, although t his was 
thought t o be caused by the shedding of a vo rtex str eet from the tips of 
the inlet constr ict ion plates . 
Aung [5) measured heat transfer in the separated region beyond a 
rearward-facing step for both laminar and transitional flow of air in 
an asymmetric expansion. Heat transfer data were obtained for the 
entire flowfield using a Mach-Zehnder interferometer for three step 
heights . Reattachment l engths were established using a smoke injection 
t echnique . For all step heights investigated with a fully laminar flow, 
the average St anton number in the separated r egion was well represe nted 
by : 
St= 0 . 39 (Re )-0 . 55 
x 
s 
(1 . 7) 
where the Reynolds number is based on the plate length upstream of the 
step . Measurements were also made comparing the effects of a heated and 
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unheated wall upstream of the step, although no qualitative difference s 
were noted . 
In a two part study by Charwat ~al. [24a,b], the pressure field 
flow , and heat transfer were investigated for supersonic and subsonic 
flow in cavities . They found that a critical cavity length was developed 
beyond which the flow would not reattach within the cavity . For both 
laminar and turbulent flows, a periodic inflow of fresh air was 
observed in the separated r egion . The effects on local coefficients 
caused by the difference between the use of a heated wall and a heated 
fl uid were observed to be small. 
Rom and Seginer [25] measured laminar supersonic flow and heat 
transfer over a backward-facing s tep i n a s hock tube . Shock Mach numbers 
ranged from 4 to 10, while th e flow Mach numbers ranged from 1. 5 to 2 . 5 . 
3 5 This corresponds to a Reynolds number range of 2 x 10 t o 2 x 10 . The 
ratio of the boundary layer displacement thickness at separation to the 
step height was suggested as a dimensionless parameter for corr elating 
data . Using this parameter, measurements were made for 
* 
0.02 < 0 
s 
(1. 8) 
With thin incoming boundary layers, peaks in local convective coefficients 
were noted at reattachment with a maximum of 7 times the value at 
separation. This maximum decreased with increasing values of the 
boundar y layer thickness at the step . 
Ginoux (26] inves tigated the effects of three-dimensional flow 
perturbations on the heat trans fer in the reattachment region of a 
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laminar flow behind a two-dimensional backward-facing s tep at a Mach 
number of 2 .0 . The mean heat transfer rate in the reattachment region 
was increased by up t o 70% by the presence of s trong supe rsonic flow 
perturbations. 
Sandford and Ginoux [27) investigated recovery temperatures, heat 
t r ansfer and base pressure for laminar, transitional and turbulent flow 
of air on two- dimensional models with backward-facing s teps at a Mach 
number of 1 . 91. Various step heights were tested using a constant 
heat flux wall. Heat transfer peaks were noted to be 3 times the 
corresponding attached flow values for transitional and turbulent flow, 
but eventually fell below attached flow values due to shock waves . 
The majori t y of subsonic exper i mental studies have involved 
turbulent flow . The transitional and turbulent studies of Armaly .!U._ & . 
[2], Charwat ~al. [24a,b], Aung [5], and Sandford and Ginoux [27) 
have already been discussed in the section on laminar flow. In a 
similar study, Aung and Goldstein [28) measured heat transfer and 
temperature profiles in the turbulent separated flow over a rearward-
facing step. Measurements were obtained with a Mach-Zehnder 
interferometer . Turbulent separa tion was noted to be subs t antiall y 
more steady than the transitional separation investigated in Aung ' s 
earlier study [5] . A shear layer rea ttachment length of 4.5 step heigh t s 
downstream of the step is reported, which appears to be the smallest 
value measured for thi s geometry . Heat transfer coefficients at 
reattachment were 20% higher than values at separa tion . Heat transfer 
in the separated region was noted to be governed in equal meas ure by 
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both the wall layer and the shear layer , indicating that any simplified 
one laye r analysis is incomplete . 
Seki~ al. [29] studied the effects of s tall length on heat 
transfer in the reattached region behind a double s t ep at the entrance 
to an enlarged flat duct. Air was used in a constant heat flux duct 
with the Reynolds numbers ranging from 4 x 103 to 8 x 104 . Thermocouples 
were used to determine the temperature field . It was found that the 
maximum heat transfer rate (assumed to occur at reattachment) for a 
short stall region is greater than that for a long stall region . This 
deviation increased with increasing step height . The maximum Nusselt 
number was represented by 
N~. max 
in 
x 0.161 
= [0 . 446 - 0 . 238 (~r~) ] ReH213 
H. . 
in in 
where H. is the entrance heigh t of the channel. 
in 
(1.9) 
Sparrow and Wachtler [30] measured heat transfer coefficients on 
the surfaces of a transverse plate situated in a duct flow . Coefficients 
were evaluated using a napthalene sublimation technique employing a 
heat- mass transfer analogy with air where duct Reynolds numbers ranged 
from 5 , 000 to 30 , 000 . It was found that the upstr eam face generally had 
higher coefficients than the downstream face, with the differences 
growing smaller with increasing Reynolds number . The coefficient s 
exhibited a power law dependence on the Reynolds number , the power being 
approximately 0 . 5 for the upstream face and 0 . 67 fo r th e downstream face . 
Seban [20] measured turbulent flow and heat transfer downstream of 
a step in the s urface of a plate. Measurements were made in air using 
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thermocouples and hot-wire anemometers . Velocity and temperature 
profiles in both separated and reattached regions, as well as the axial 
distribution of heat transfer coefficients were presented. The flow did 
not display the similarities near the wall that characterizes friction 
dominated flows, which is normally associated with turbulent flows . The 
effects of suction and injection at the base of the step were also 
tested, but relatively small effects on both the pressure distribution 
and the local heat transfer coefficients were noted. 
Seban ~~· [31] measured heat t r ansfer to separated and reattached 
s ubsonic turbulent flows downstream of a surface step . Results were 
obtained for two step heights using air with a constant velocity free-
stream, typical of an external flow. It was found that for most of the 
region of interest, heat transfer coefficients based on velocity to the 
0 . 8 power showed good correlation . Expected discrepancies to this law 
were noted near separation and reattachment. Recovery factors were also 
presented for higher velocity flows , indicating a value of 0.8, which i s 
t ypical of other separated flows , but somewhat short of the value of 
0.89 observed fo r turbule nt boundary layers. 
Filet t i and Kays [32] measur ed heat transfer in separated, 
reattached, and redevelopment regions behind a double s tep at the 
entrance t o a f lat duct. Reynolds numbers in air ranged from 70,000 t o 
205 ,000 and the expansi on area ratios ranged from 1.125 to 2 .10 . The 
two-dimensional channel displayed asymmetric rea ttachment lengths for the 
upper and lower walls; however, the maximum heat transfer occurred at 
reattachment for both the long and short s t alled regions . Heat transfer 
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values eventually decayed towards fully devel oped duct values. Maximum 
Nusselt number values were presented in the form C·Ren for both l ong 
and short s talled regions where C is a function of the area expansion 
ratio. 
Seki~ al. [33) measured heat transfer coefficients and turbulent 
fluctuations downstream of a double step entrance to an enlarged flat 
duct . Experiments were conducted under a uniform heat flux condition 
3 using air as the working fluid with a Reynolds number range of 4 x 10 to 
2. 5 x 105 . The s t ep height to upstream duct height ratio was varied 
from 0.035 to 7.0 . Turublent fluctuation da ta were presented in the 
separated, reattached, and redevelopment regions . The reattachment 
region showed a minimum in the turbulent temperature fluctuations, but 
the opposite occurred for the turbulent velocity fluctuations. It was 
estimated that the heat transported by turbulence in the free shear 
layer increases proportionally with the 2/3 power of entrance velocity, 
and directly with the heat transfer in the separated region . 
Zemanick and Dougall [34) investigated l ocal heat transfer downstream 
of abrupt circular channel expansions with ups tream to downstream area 
expansion ratios of 0.43 , 0 . 54, and 0 . 82. Using air at various Reynolds 
numbers, they noted considerable heat transfer enhancement beyond the 
• 
. . d. N -- 0. 20 ReDO . 66 7. expansion, varying accor ing to u max While some 
asynnnetries were noted in the axisymmetric expansion, the location of 
maximum heat transfer, which was pres umed to occur at r eattachment, 
moved downs tream as the diameter ratio increased. Cor r elation of 
available data in the form of local t o full y developed Nusselt number 
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ratio versus distance f r om the expansion gave a reasonable cluste r ing 
for a given geome try for Reynolds numbers grea t er than 7000 . 
Kr all and Sparrow (35] measured turbulent heat transfer in t he 
separa t ed , reattached, and r edevelopment r egions of a cir cular tube. 
Investigations were made for water with Reynolds numbers varying f r on 
10,000 t o 130 , 000 and Prandtl numbers ranging from 3 t o 6 . Separation 
was induced by placi ng an orifice in a turbulent pipe flow. They 
determined that the increase in heat transfer coefficients due t o flow 
separ ation is strongly accentuated as the Reynolds number decrease s , 
while enhancement r eaches a limiting value at higher Reynolds numbers . 
It was observed that for the range investigated, the Prandtl numbe r had 
little effect on t he heat transfer rates. 
Ede ~al . (36] determined heat transfer coefficients in a pipe 
flow for both an abrupt convergence and divergence of diameter ratio of 
2/1 . The fully developed flow of wate r with a heated upstream section 
was used with Reynolds numbers from 800 to 100,000. Temperatures we re 
measured with thermocouples in the wall of the electrically hea ted pipe . 
Res ults f o r the convergent pipe showed a maximum coefficient 20% gr eat e r 
than normal values . The divergent case indicated much more dramatic 
r esult s , wi~h the maximum coeffic i ent being 3 t o 4 times greater t han 
normal, the maximum being located a pproximately 2 t o 5 pipe diameters 
downstream . The rise in the average coefficient due to the divergence 
was observed to be equivalent t o adding 7 t o 14 diameters of heated pipe . 
Sparrow and O'Brien [37] meas ured local heat transfer coefficien t s 
on the downstream face of an abrupt enlar gement and cons triction in a 
19 
pipe. Measurements were made using air and a napthalene sublimation 
technique . For all cases , t he highest coefficients wer e ob t ained a t the 
expansion corner, with values decreasing t o zero at the outer corner . 
Variations across t he face were seen t o decrease with increasing 
Reynolds number, approaching nearly constant values at very high 
Reynolds numbers. The constricted inlet tended t o be less axisymmetri c 
than the abrupt enlar gement, but displayed 50% larger coefficients, on 
the average. The average coefficients on the downstream face wer e 2 t o 
3 times larger than t he fully developed values . Cor r e lations for both 
cases were given as : 
N 0 0475 R 0 . 72 ( b 1 ) u = . e a rupt en argement (1 . 10) 
Nu= 0 . 145 Re0 ·65 (const r icted inlet) (1 .11) 
Emerson [38] investi gated heat transfer in grooves and sudden 
expansions in pipes . For Reynolds numbers from 20 , 000 to 250,000, 
rea ttachment was loca t ed appro xima t ely 9 step heights downs tream of 
separation, while the maximum heat transfer was 13 s tep heights 
downs tream of separation . 
Fo r supersonic flow, Wada and Inoue [39] measured heat tr ansfer 
downstream of a rearward-facing step . Their intent was to test the 
* dependence of heat transfer on the term (6 /s ) /Re * suggested by 
6 
Rom an d Seginer (25] . 
Baker and Martin [40] obtained heat t ransfer and recovery factors 
in the two- dimensional separated supersonic flow through a 
sudden expansion . The f l ow downstream of an expansion shows a decrease 
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in heat transfer due to shock effects . This was also noted in the study 
by Sandford and Ginoux [27]. 
Scherberg and Smith ' s [41) study of heat transfer in a supersonic 
reanyard- facing step flow revealed that the usual Prandtl-Meyer theor y 
fo r expansion fans was not applicable for such a flow . Te~peratures 
were measured with thermocouples, and heat transfer rates were 
subsequently developed . A large heat transfer rate was observed at the 
s tep corner, but t his was due to the face of t he step being unheated . 
c . Numerical Due to recent advances in digital computers, it 
has become possible to solve the partial differential equations governing 
f l uid motion in finite- difference form . Most of the solutions in the 
liter ature involve solving the steady state Reynolds-averaged Navier-
Stokes equations with a turbulence model to account for the Reynolds 
stress and heat flux terms. 
Watkins and Gooray [42] reported numerical calculations of heat 
transfer in the turbulent flow over a rearward- facing step . Their 
method used the two-dimensional Reynolds-averaged Navier-Stokes equations 
with the k-€ two equation model of turbulence . The turbulence model 
included corrections for low Reynolds numbers and streamline curvature 
effects . The solution technique involved a two pass procedure, whereby 
the reattachment point was established on the first pass using the 
standard k-c: model of turbulence . On the second pass, the k-E model 
was used upstream of reattachment and the low Reynolds number version 
was used downstream . Results were compared to the rearward-facing step 
data of Aung and Goldstein [28), and the s udden pipe expansion data of 
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Zemanick and Dougall [34]. Overall, the data indicated that although 
reattachment eventually resulted in a redeveloped boundary layer flow, 
typical turbulent boundary layer correlations are not realized until 
very fa r downstream. of reattachment, thus indicating a need for complex 
turbulent models such as the one described. 
Chieng and Launder [3] presented numerical solutions for turbulent 
flow and heat transfer downstream from an ab r upt pipe expansion . 
Calculations were made using the two-dimensional Reynolds - averaged 
Navier- St okes equations in cylindrical coordinates with a two- equation 
k- e: model for turbulence. Wall functions were used to model the s true tu re 
of the inner turbulent region . Comparisons were made with the data of 
Zemanick and Dougall (34) and results were generally good . The 
computational results indicated a maximum in the heat transfer 
coefficient about 1 step height upstream of reattachment . Poor results 
were obtained at reattachment, which was traced to the dissipation 
equation used in the turbulence model. A later discussion on an extension 
of this work by Johnson and Launder [43) suggests that existing wall 
functions for turbulent flow are not suitable for separation predictions . 
Crocco and Lees [44) investigated an interaction and wake flow 
model for separated supersonic flow. Seginer and Rom [45] used an 
extension of the Crocco-Lees method for laminar supersonic boundary 
layers with heat transfer. Integral forms of the conservation equations 
were satisfied through averages . These solutions are exact for a 
similarity flowfield, but are only approximate for the nonsimilar 
separated flow . In a separated flow, the flowfield must be separated 
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into zones . Comparisons with Rom and Seginer ' s [25] data looked 
qualitat ively good. 
Oliver [46] used the Reynolds- averaged Navier- Stokes equations 
with the k- E model of turbulence and compared predictions with 
Seban' s [20] measurements for s teps , and a turbogenerator geometry. 
Although a l imited amount of data was presented, results appear ed to 
fol l ow the accep ted trends fo r separat ed flow. 
Kang and Suzuki [47] predicted the turbulent recirculating r egions 
arising from a confined jet using the Reynolds - averaged Navier- St okes 
equations and a k~ model for turbulence. In their study, the predicted 
dat a were compared to measurements made by Suzuki~ al. [48] , with 
limited s uccess . Some trouble was noted in the use of wall functions, 
also indicating a need for a comprehensive model for nonequilibrium 
turbulence . 
D. Scope of the Present Study 
As mentioned , the use of modern computers permits the sol ution of 
the finite difference form of t he governing partial differential 
equations for fluid flow , provided that the calculation speed and memory 
of the computer is considered . Unfor tunately , this constrain t limits 
the feasibility of a turbulent flow calcula t ion without the use of an 
empirically based turbulence model since any turbulent prediction would 
require too many grid poin t s for a pr actical solution. Therefore , 
turb ul ence model s were developed to accoun t for the effects of small 
scale turbulent activity, and allowed solutions to proceed on a more 
reasonably sized numerical grid. Typically , computer predictions for 
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separated flows have involved the solution of the Reynolds-ave r aged 
Navier-Stokes equa tions. The disadvantage of this method is the large 
amount of computer time and storage necessary for an accurate solution . 
This difficulty has led r esearchers to investiga t e other solution 
schemes for the prediction of complex fluid flow. The use of the 
partially parabolized Navier-Stokes equations is an example of such a 
solution scheme. Recently, investigators have shown that the bounda r y 
layer equations are capable of accurately predicting thin separation 
regions as long as proper treatment of the freestream and external 
influences are included [14, 49 , 50]. 
In this study , a viscous-inviscid interaction scheme i s developed 
for predicting heat transfer in variable property, subsonic separ a ted 
flows . This work follows the work done by Kwon and Pletcher [14] using 
viscous-inviscid interaction fo r the pr edict ion of the incompressible 
flow over a rearward-facing step . Several test cases wer e run using 
cons t ant properties to evaluate the energy solution scheme . The solution 
method was later updated t o i nclude the effects of variable properties . 
The primary purpose of this s tudy i s t o develop a sound computational 
model fo r laminar f l ow which can later be extended to turbulent flow . 
Thi s permi t s aspec t s of th e numerical scheme to be validated by 
comparisons with experimental data and other calculations without 
considering the additional uncertainties associated with turbulence 
modeling. Th is work appear s to be among the first to employ boundary 
layer methods to predict heat transfer in sepa rated flows . 
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The separ ating flow of air over a rearward- facing step is examined 
for various geome tries and Reynolds numbers. The interaction procedure 
is applicable to s t ep flows in which an inviscid flow r egion can be 
clearly identified. In this situation , it is ass umed that viscous 
effects are co nfined t o regions near solid boundaries , so tha t the flow 
in these regions is adequately represented by the boundary l ayer 
equations (see Figure 1.2). The boundary layer continuity and momentum 
equations a re simultaneously solved in an inverse manner whereby the 
displacerrent thickness is specified as a boundary condition, thus 
removing the singularity of the equations at separat ion , and al l owing 
the progress of the so lution through recirculating r egions . The energy 
equa tion is then solved after the velocities a r e ob t ained a t each 
marching step . For a var iable property solution, the energy equation is 
solved wi thin the ve l ocity linearization computation loop, so that fluid 
properties may be updated during the iterative updating procedure. The 
streamwise convective term in both the momentum and energy equations 
is alter ed in regions of reversed flow to permit marching the solution 
in the mainstream direction. This approximation is commonly re ferred t o 
as the FLARE [51] approximation . This s tudy represents one of the first 
detailed evaluations of this approximation for the energy equation . 
Computations wer e made uti lizing the energy equa tion with and without 
the FLARE approximation . 
The solution for the inviscid flow (assumed to be incompressible 
and irrotational) is t hen ob tained for the region bounded by the 
displacement s urf aces of the viscous flow f r om a numerical solution of 
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the Laplace equation in a transformed coordinate domain. Differences in 
edge velocities ob tained from both the viscous and inviscid solutions 
are used t o update the displacement thickness common t o both solutions . 
The overall scheme is repeated until the edge velocities ob tained from 
both solutions are within a specified t olerance. 
For the case of a fully developed flow undergo ing an asynnnetric 
s udden expansion, the inverse boundar y layer procedure can be used to 
obtain solutions for flow and heat transfer in a noniterative fashion . 
Unfortunately , no laminar flow experimental data was available t o confirm 
the hea t transfer predictions for such a case, but the flow predictions 
have been shown t o be in excellent agr eement with measurements and 
solutions t o the full Navier- Stokes equations [4]. 
The interaction procedure will be examined in light of the effec t s 
of grid refinement and interpolation r outines on the level of 
convergence attainable . 
Heat transfer resul ts will be compared to the experimen t al data of 
Aung [5] and a solution to a more complex (fully elliptic) energy 
equation for the separating, l aminar flow of air over a two-dimensional 
channel with a r earward-facing s t ep . Aung ' s da t a appea r s t o be the only 
r elevant experimental data fo r l aminar fl ow over a rearward-facing s t ep . 
Although the purpose of this s tudy is to develop a general 
solution pr ocedure , solutions are presented only for the s ubsonic 
laminar flow of air with an incompressible f r ees tream. During the 
course of this work , comments will be made in ar eas where changes may 
be used to encompass othe r flows. 
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II. ANALYSIS 
In this chapter , the partial differential equations governing 
continuum fluid motion will be developed . The principles of conservation 
of mass, momentum, and energy are applied to a differential control 
volume to provide the governing equations for both viscous and inviscid 
flow regions. These equations are then simplified to a form sui table for 
a numerical solution. All simplifying assumptions will be explained and 
justified. The proper initial and/or boundary conditions necessar y for a 
well- posed mathematical problem are also presented. 
A. Viscous Flow 
1 . Geometry and coordinate sys tem 
The flows considered are assumed t o be confined in a two-dimensional 
channel with either a symmetric or as yrranetric step expansion as shown in 
Figure 2.1. A Cartesian coordinate system is well s uited to this 
geometry and the governing equations a re developed in this frame of 
reference. At the introduction of the step, the frame of reference is 
shifted to the new location of the lower wall . For the case of a 
symmetric expansion , the duct centerline is used as the upper bo undar y 
of the f l ow under consideration . 
Figure 1.2 demonstra tes the ex t ent of the viscous solution doma in 
along a wall with a s t ep . Consideration of the influences of the 
mainstream and the opposing wall on the viscous solution are brought 
about t hrough th e boundary conditions . 
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2. Partial differential equations 
a . Continuity equation The principle of conservation of mass as 
applied t o a fluid in which no nuclear reactions occur s t a t es t hat the 
Lagrangian derivative of the mass of fluid contained in a differential 
element i s zero. Expressed mathematically for a compressible flow, 
this becomes: 
(2 . 1 ) 
where the index no t a t ion for coordinates and velocities i s used for 
simplicity . 
b . Momentum equation The principle of conservation of momentum 
follows Newton ' s second law of motion which s tates that the t ime r ate of 
change of momentum of a fluid element is equal to the vector sunnnation of 
the forces acting on that element . If the fluid fol l ows Newtonian 
behavior , tha t is, that the constitutive formula relating the shear 
s t ress to the l ocal velocity gradient is valid , then t he momentum 
equation becomes : 
au . au. 
1E._ + _a _ (:\ al\) p _]_ + _j_ 
at Pl\ a~ ax . ax . a~ J J 
+-a-
au. au. 
[µ (-1 + -1..)] + p f. (2 . 2) ax . ax . ax. J 1 J 1 
where A is the so - called second coefficien t of viscosity, and f is any 
external fo r ce such as those due t o gravity or electromagnetic po tential . 
29 
This form of the momen tum equa tion is most of cen referred to as 
the Navier- Stokes equations (see e.g. [52)) which usually also includes 
the continuity equation . 
c . Ener gy equation The energy equation results from an 
application of the first law of thermodynamics for a non- reacting fl uid 
as applied t o a diffe r ential fluid element . The effects of shear work , 
heat conduction , and compressibilit y a r e included , while radiation heat 
transfer and heat source terms are not . 
Using t emperature as the dependent variable, and Fourier ' s law 
as the constitutive relation for heat conduction , the energy equa tion 
becomes : 
a ciJ'!'-) + <1> + BTC.££ + uk {L) a~ a~ a t o~ 
where <!> is the dissipation function defined as 
lJ I au. 2 au. au. 2 ] I <!> = 2 [<a/) ] + (__J_ + ].) ax . ax . 
l. l. J 
and B is the coefficient of thermal expansion, 
B = - i ap I P- at P 
3. Boundar y layer equations 
(2 . 3) 
(2 .4) 
(2 . 5) 
a . Lamina r flow Under the assumption of two-dimensional , steady , 
laminar flow where viscous e ff ec t s are assumed t o be of importance only 
in thin s hear laye r s near so lid boundaries , an order of magnitude analysis 
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may be applied t o the gove rning equations . The magnitude of various 
terms are established by assuming that the shear layer is thin, and that 
gradients normal to a solid boundary are at least an order of magnitude 
larger than tho~e along the principle flow direction. This implies that 
u >> v and that pr essure is constant across the shear laye r (see e . g . 
(53]) . 
When the order of magnitude analysis is applied to the governing 
equations (2 . 1, 2 . 2, 2 . 3), the thin shear layer, or boundary layer 
equations for a compressible flow are obtained as: 
Continuity 
a(p u) + a (pv) 
ax ay 0 
(2.6) 
Momentum 
a u au ~ a [ au] 
p u ax + p v ay- = - dx + ay lJ a y (2 . 7) 
Energy 
p u 3H + pv aH = _L [L 3H + JJ (l _ .!_) u au] 
3x 3y 3y Pr ()y Pr ay (2 . 8 ) 
where the energy equation has been recast with the total enthalpy as t he 
dependent variable using H = c T + u2/2 in accordance wi t h the boundary 
p 
layer assumptions. 
Some conunents are in order on the terms neglected due to the order 
of magnitude analysis. In the simplifica tion of the momentum equa tions , 
the entire y direction momentum eq uation is neglected, suggesting that 
press ure is constant ac ross the shear layer . For attached flows, this 
is generally accep t ed , and recently, sever al investigators have 
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demonstrated the validity of the boundary layer equations f or thin 
separation bubbles [14 , 49, SO), as long as proper treatment of the 
freest r eam is included . 
In the e ner gy equation , the term involving axial conduction has 
been neglected. The relative import ance of hea t transfer by convective 
transport and by molecular diffusion is given by the Peclet number , 
Pe = RePr . Studies done by Hennecke [S4] and Schneider [SS] suggest 
critical values of the Peclet number as SO and 100, r espectively , below 
which t he effect s of axial conduc t ion may become important. For the 
laminar flow of ai r t o be examined in this study , Peclet numbers much 
larger than 100 a r e expected , and in fact , most fluids , e xcept possibl y 
the flow of liquid metals, allows the streamwise conduction term to be 
neglected. 
The secon d coefficient of viscosity , bulk thermal expansion , and 
body potential effec t s are all also expected to be very small and are 
neglected. 
The governing viscous equati ons (2.6- 2. 8) form a parabolic set of 
nonlinear partial differential equa t ions which , when coupled with t he 
correct initial and boundary condi t ions , form a complete mathematically 
well- posed model . Numerical solut ions to these equations involve 
"marching" through the solution domain in the main flow direction 
(positive x direction, see Figure 2 . 1) . In a region of r everse d f l ow, 
however, u < 0 and the correct marching dire ction f or this regi on 
becomes the negative x direction . In order t o avoid the complexity of 
changing marching directions fo r vario us f low regions , ano ther 
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simplification may be made . 
Fo rtunately , t he streamwise convection gradien t is often negligibly 
small in regions of r ever sed flow associated with relatively thin 
sepa rated regions and may be neglected in order to permit marching the 
solution through separated regi ons in the mains t r eam (positive x) 
direction . This idea was first suggested by Rehyner and Flugge- Lo tz [51] , 
and is often called the FLARE appr oxima tion . Calculations for lsminar 
flow by Carter [56) and Cebeci ~al . 157] , and measurements for 
turbulent flow by Simpson~ al . [58) have confirmed the assumption 
of negl i gible str eamwise gradients in thin separated regions . 
This wo r k appear s t o be among the first t o employ the FLARE 
approximation for t he energy equation, and this assump tion will be tested 
l a ter by comparing res ults with a solution to a more complete (fully 
ellipti c) energy equation, discussed in section II . A. 4 . 
Introducing a version of the compressible s treamfunction for 
convenience : 
pu (2 . 9) 
pv (2 .10) 
and i ncorpor ating t he FLARE approximation , the governing viscous flow 
equations may be written in the fo rm t o be solved numerically as : 
Continui t y 
p u (~ . 11) 
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Momentum 
cpu ~ - al)J au - ~ + ~ [ µ ~] 
ax ax ay = dx ay ay (2 . 12) 
Energy 
cp u aH _ ~ aH = _L [L aH + µ(l _ .!_) u ~] 
ax ax ay ay Pr ay Pr ay (2 .13) 
where: 
c = 1 . 0 , u > 0 
c = o.o, u < o. 
b. Tur bulent flow The boundary l ayer e qua tions developed thus 
far apply to a steady two- dimensional laminar flow. However, mos t flows 
of practical interest are subject to the phenomenon of r andom fluid 
motion known as turbulence . The laminar equations (2 . 11- 2 .1 3) canno t 
accurately predict the effec t s of a turbulent flow . While it is accepted 
that t he complete Navier-Stokes equations (2.1-2 . 3) accurately model a 
turbulent f l ow, the small scal e in which turb ulent activity takes place 
makes a numerica l sol ut ion unfeasible because of the large number of grid 
points necessar y t o incl ude the smallest r ange of turbulent ac tivit y . A 
common practice i s t o model the effec t s of turbulence and solve a more 
convenient se t of equations . Typically, a concept first int r oduc ed by 
Reynolds [59] s ugges ting tha t turbul ent motion is representable by the 
s um of a time mean motion ·and a fluc tua ting component abou t the mean i s 
used to expand the l aminar flow eq uations . Th us , any fl uid quanti t y $ 
i s r epla ced by a time mean quantity (j) and a f luc tuating component ¢ . 
(2 .14) 
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A time average is defined a s : 
_ l to + TI 
¢ = (TI) !to ¢(t)dt (2.15 ) 
where (TI) is large compared to the time period of the fluctuations . 
Thus, by definition, the time mean of a fluctuating component is zero , 
but the time mean of the product of two fluctuating components is no t 
gener ally zero . Thus , substituting the two component definition fo r each 
of the fluid variables 
u = u + u' v = v + v T T + T 
(2 .16) 
p p + p p = p + p µ = µ + lJ 
into the original governing equations and applying the order of 
magnitude and time mean analyses y ields the boundary layer form of t he 
two-dimensional, time mean steady , variable property equations f or 
turbulent flow : 
Continuity 
0 (2 . 17) 
Momentum 
- au - au dn a au - , - , 
pu - + pv - = - ..::.c.. + - (µ - - p u v ] ax ay dx ay ay ( 2 . 18) 
Energy 
a , , a 
+ ( ]J ~ - pu v ) ~] 
ay ay 
(2 .19) 
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- -,-, -
where v = (pv + p v )/ p . 
a I I 
The Reynolds stress and heat fl ux t e rms , ay (- pu v ) , and 
a -.-r 
ay (- pep v T ) , must now be modeled in o rder to close the system of 
equations . The simplest approach is to follow a suggestion made by 
Boussinesq [60] whereby a turbulent viscosity , turbulent conductivity , 
and turbulent Prandtl number are defined as : 
I I 
pc v T 
p 
I I 
pu v 
(2.20) 
where these turbul ent properties are functions of the flow and not the 
fluid itself. Employing this concept, and again introducing total 
enthalpy into the energy equation, the equations become: 
Continuity 
(2 . 21) 
Momentum 
pu aU" + pv au = 
ax ()y (2 . 22) 
Energy 
- a"H - a"H a { c-µ + _1\ ) a8 p u - + pv - = - -
ax ()y Cly Pr Pr Cly 
• t 
+ [µ(1 - i ) + µt (1 - ~1~)] U" a"U } 
Pr Prt ay 
(2 . 23) 
With the Boussinesq assumption, the form of the turbulent f l ow 
equations (2 . 21- 2 . 23) is similar to the equations for laminar f l ow 
(2 . 6-2 .8) . Thus, it is likely that the computational s trategy be ing 
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developed would also be useful for turbulent flows if a proper 
turbulence model is used to specify the turbulent par ame t ers . Since 
this s tudy does not involve turbulent flow, the methods used to close 
the sys tem of turbulent equations will no t be discussed . Information on 
turbulence models in rearward-facing s tep flows i s available in 
[13, 14, 42]. 
c . Boundary conditions In order t o e nsure tha t a mathematical 
solution exists for the pa rabolic set of equations, (2 .11- 2 . 13) , p r oper 
initial and boundar y conditions mus t be specified. Only the conditions 
necessar y for the solution of the boundary layer equations (2 . 11- 2 . 13) 
will be given here . Boundary condi tions for the complete Navier-Stokes 
equations (2 . 1-2.3) are well-known and s tandard f orms are available i n 
[52] . 
Along a solid boundary , the no slip condition is specified as : 
u (x , o) v(x ,o) = tjl (x,o) 0 (2 . 24) 
This also implies no blowing or s uc tion at the wall , al t hough it is 
poss ible to utilize these conditions. 
Several methods are available in s pecifying an out e r boundary 
conaition. In a "direct" method, the oute r edge velocity o r pressure . 
gradient is prescr ibed as: 
u(x, y) u (x) 
e 
or E.E. dx f (x) . (2 . 25) 
This direct method is sui t able for at t ached f l ows, bu.t becomes singular 
a t a point of separation . To overcome this difficulty for separating 
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flows , an inve r se solution pr ocedure may be used wher eby the displacement 
t hickness is specified as t he second boundary condition according to : 
* o (x) / 0 (1 - ~)d 0 p u y 
e e 
known (2 . 26) 
This may be used for either external or internal flow by noting t hat 
fo r y > o, 
ijJ(x,y) p u (y - o* (x)) 
e e 
* 
(2 . 27) 
In this inve r se solution pr ocedure , o (x) is a pr esc ribed function . 
This solution pr ocedure is valid for both separ a ted and attached flows , 
and is a n int egral part of the viscous-inviscid interaction procedure 
t o be described in Chap t er IV . 
For steady int ernal flows whe r e viscous~inviscid inte r act i on is no t 
used , the over all mass flow r ate may be used as a constra int accor ding to 
m f A P udA = cons tan t (2 . 28) 
Fo r f ully deve loped inte rnal flows , the viscous s olution covers the 
entire channel wid t h, and either of the following choices ar e available . 
For any two- dimensional developed channe l flow , the out er boundar y 
condit i ons are t he no s lip condi t ion imposed on t he upper wall of t he 
channel as 
(2 . 29) 
l)J tot (2 . 30) 
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In the case of a developed symmetric channel flow , the solution 
need only be obtained in half the channel height , and a symmetry condition 
may be imposed at the channel centerline as : 
Heh au 0 tjJ (x,y) 
t/J tot 
(2 . 31) at y -= 
2 ay ' 2 
Boundary conditions for the energy equation normally encounter ed 
along a solid wall specify either a wall temperature 
H (x , o) = 
or a wall heat flux (qw) whereby 
at y 
3H 
O; = ay 
c T (x) 
p w 
For the case of an adiabatic wall, q = O. 
w 
(2 . 32) 
(2. 33) 
For the outer boundary condi tion , the freestream enthalpy may be 
assumed t o be cons tant 
as y -+ 00 . , H(x,y) constant. (2. 34) 
For f ully developed channel f lows, the outer boundary conditions 
may be wall conditions (Equation 2 . 35) imposed on t he uppe r wal l 
(y = Reh), o r for a synunetric channel , the symme try condition may be 
imposed at the channel centerline (Equation 2. 36) : 
at y Heh; H(x ,y) c T (x) p w (2 . 35) 
a t y 
Heh 
-2-; 
3H 
0 ay = (2 . 36) 
39 
Initial conditions for the boundary layer momentum and energy 
equations involve specifying an initial profile for u , l/I , and H at some 
location x from which the solution may proceed. 
0 
u(x , v) = u (y) 
0 . 0 
H(x , y) = H (y) 
0 0 
For flows with a sudden expansion , some specification of the 
condit i ons along the backward facing step are necessary . For the 
(2.37) 
momentum equation, either a no slip condition or an injection velocity 
is specified as : 
u(x ,y) t/J (xs, y) 0 (no slip) s (2 .38) 
or u (x , y) u (y) (injection) s s 
l/J(xs , y) JS 
0 
pu(x , y) 
s 
dy . 
For boundary layer energy equation, a temperature is specifi ed 
along the step as : 
at x = x · 0 _< y < s 
s' 
H (x , y) 
s 
4 . Elliptic energy equation 
c T 
p w 
(2 . 39) 
For the flows considered in this study , it was easily seen that t he 
effects of viscous dissipation and bulk thermal expansi on were smal l, 
that is : 
(2 . 40) 
If the Navier-Stokes form of the energy equat i on (2 . 3) is modified to 
L.O 
account fo r this , and written for a two- dimensional steady flow, the 
following equa tion r esults : 
Ener gy equation (elliptic form) 
p uc aT+ p vc Cl T 
p ax p ay 
L (k ar) + ~(k .£!) 
ax ax ay ay 
(2 . 41) 
Equation (2 .41) shall henceforth be r eferr ed t o as the elliptic ener gy 
equation . Since the boundary layer ene r gy eq uation (2 .13) neglects 
s treamwise diffusion (FLARE approximation) , and conduction, it was 
desir able t o sol ve a more complete form of the energy equation t o examine 
the errors introduced by these app r oximations for the separated flows 
consider ed . Solution s t o the elliptic ener gy equa t ion (2 . 41) were 
obtained t o gain some quantita tive measur e of th e effectiveness of the 
FLARE approximation fo r th e energy equation . 
a . Solution domain The e ll ip tic energy eq uation was applied 
t o t he flow downs tream of the s tep expansion as shown in Figure 2 . 2 . A 
conver ged ve l ocity fie ld was ob t ained from the visco us - inviscid 
interac t ion solution of t he boundary layer con t inuity and momentum 
equations (2 . 11-2 .12 ) downs tream of the s t ep in an asymmetric expansion 
channel . This velocity field was calcula t ed under t he conditions of 
. 
constant ~roperties t o r e move the t emp e r a ture dependence of the momentum 
equation . Since the vel ocit y fi e ld was known, it was quickl y de t e r mined 
that viscous dissi pation was extremely smal l , whi ch jus t ified the form 
of the elliptic ener gy eq uat ion (2 .41) used . 
The solution domain for the f ully ellip tic ener gy eq uation is 
shown in Figur e 2 . 2. The solu tion domain extends wel l in t o the 
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freestream and well downstream of reattachment to i nsure t ha t the 
location of the downstream bo unda ry does no t overly inf l uence t he 
solution in the separated regi on . 
b . Boundary conditions The followin g boundary conditions were 
used in the solution of the elliptic energy equation . For the solution 
domain boundaries coinciding with solid walls, a wall temperature was 
specified . Since the flows considered are low speed , a constant 
freestream temperature was also specified . Since no separation occurs 
before the step , it was anticipated that the temperature profile 
obtained from the boundary layer energy equation was a ccurate at the 
step . This temperature pr ofile may then be used to specify a temperature 
pr ofile for the boundary of the elliptic energy equation coinciding with 
the viscous flow region at the step . Finally , an unrestrictive outflow 
condition was specified at t he outflow (downstream boundary) . Expressed 
mathematically , the boundary conditions are : 
at x = x s 
at x x max 
T(x , o) = T w 
0 < y < s T(x , y) s 
s < y < 6 T(x , y) s 
6 < y < Ymax T(x ,y) s 
a2T 
0 
ax
2 = 
= 
(2 . 42) 
(2 . 43) 
T w 
1BL(y) (2. 44 ) 
T 
00 
(2. 45) 
Utilizi ng these boundary conditions , a complete s olution ma y b e 
obtained for the elliptic energy equation . 
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5 . Prandtl ' s transposition theorem 
The governing viscous equations (2 .11-2 . 13) presented so far have 
been developed for flows along a str aight solid wall . In the interes t 
of developing solutions along slightly irregular (curved) walls, a 
coo r dinate transformation known as Prandtl's transposition theorem [61] 
may be used. The transposition theorem states that boundary layer 
solutions along one surface y = y
1 
(x) (in this case, a plane wall), 
adequately represent solutions on another wall which is displaced from 
the original wall by a distance t(x). This concept is frequently used 
in boundary layer solutions involving a shear layer coordinate system. 
For the purposes of this study , solutions known along a flat wall will 
be applied t o a curved wall with the same pressure gradient. The 
physical aspects of the theorem are shown on Figure 2 . 3 . This is 
expressed mathematically as a simple coordinate transfonnation of the 
form 
x' = x (2 .46) 
y ' y - t (x) (2.47) 
Substitution of these coordinates into the governing viscous equations 
(2 . 11-2.13) yields : 
p u ~ I (2 . 48) 
ay 
p u au ~~= I I 
ax ()y 
E.P.. + _a - [µ au] 
dX I dY ay 
(2 . 49) I 
ax 
y.y·L 
x ~x· 
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~ ~ = l_ rL ~ + µ ( 1 - Pl r) u au ' l 
' ' ay Pr ' ax ay ay ay 
p u ~ 
' ay 
pw - - ~ I 
ax 
V 
+ dt(x) 
dx u 
(2 . 50) 
(2 . 51) 
(2.52) 
(2 . 53) 
The boundary and initial conditions are essentially unchanged by the 
transformation. It is obvious that the transformed equa tions are 
identical in form t o the original equations. Essentially, this indicates 
I I I 
that any known boundary layer solution u(x , y ), w(x ,y) represents a 
solution for a displaced surface u(x , y), v(x,y) where t(x) indicates 
the degree of displacement. This concept is limited to small changes 
in t (x) . Additional information on th e mathematics and limitations of 
the transformation is available in Appendix B. 
B. Inviscid Flow 
Figure 2 . 4 depicts the expected regions of interest in a t ypical 
channel flow in which an inviscid cor e can be identified . The 
boundaries of the inviscid flow region are the displacement surfaces 
of the viscous r egions which provide an effective passage for the 
equivalent inviscid flow . 
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1 . Geometry and coordinate system 
Figure 2 . 4 shows the physical domain of the effective flow channel 
for inviscid analysis in a Cartesian coordinate sys tem . The upper and 
lower regions are defined by the boundary layer displacement surfaces 
* * 6u (x) and o1 (x) . The end boundaries of the inviscid flow domain are 
arbi trarily chosen to define the region of interaction between the 
viscous and inviscid flowfields. This interaction region is defined 
more completely in the section on viscous-inviscid interaction in 
Chapter IV . 
2. Governing equations 
For th e purposes of this study, the inviscid flow region is assumed 
incompressible and irrotational . Some comments are in order to justify 
such a treatment . The Prandtl number (Pr = c µ/k) illustrates the 
p 
r elative magnitudes of the effects of momentum diffusion and thermal 
diffusion . Since this study involves heat transfer, justification of 
an incompressible freestream requires that thermal effects be confined 
within the momentum boundary layer. Such an assumption is exact for 
fluid Prandtl numbers greater than 1 . 0, but is at best approximate for 
Prandtl numbers less than 1 . 0 . In this study , air with a Prandtl numb er 
of O. 7 is investigated, so realis tically , thermal effects will extend 
beyond the momentum boundary layer for identical hydrodynamic and thermal 
development starting points . Fortunately, most experimental and real 
life devices develop the flow with an initial unheated starting l ength , 
so the thermal boundary layer development lags behind the momentum 
boundary layer development (see Figure 2 . 5) . Also, for an ideal gas , 
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the relative density change from a change in temperature is expressib l e 
as: 
(2 . 54) 
p 
which i s negligibly small for even moderately low values of T . 
Finall y , for the flow case unde r consideration , Mach number effects 
a re no t important . Therefore, the f reestream may be treated as 
incompress ible. 
Thus, under the assumption of an incompressible f r ees tre am, t he 
continuity equation for a two- dimensional channel becomes: 
Introduction of the s treamf unc tion to satisfy continui t y 
u = 
aiµinv 
ay 
v = -
and noting the condi t ion fo r i rro t a tionality, 
au \) x v = ax 
av 
ay = 0 
allows the governing invisci d equation to be writ ten as : 
a2,,, 
'+'inv ---+ 
ax2 
= 0 
(2 . 55 ) 
(2 .56) 
(2. 5 7) 
(2 . 58) 
(2 .59) 
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where the s treamfunction used in the inviscid flow anal ysis differs 
from the s treamf unc tion used in the viscous flow analys is. 
3. Bo undary conditions 
The nature of the governing inviscid equation demands a complete 
set of boundary conditions on all boundaries , t ypical of elliptic (j ury) 
problems, for a well-posed mathematical model. At the effective channel 
inlet, a uniform velocity u. is specified, establishing t he 
in 
streamf unction range as : 
(2 . 60) 
Since no flow is allowed across the displacement s urfaces , t hese 
boundaries are appr oximated as streamlines and the upper and lower 
boundary conditions become: 
* l)J . (x , o
1
(x)) 
inv 
* W. (x , Ou (x)) = inv l)J tot. 
inv 
0.0 
* = u. (ou(x ) 
in o 
(2 . 61) 
(2.62) 
Several possibilities exist for the specification of the o utflow 
boundary condition , the least r est ric tive of wh i ch is to s·pecify 
a t x x + L , o e 
a2,,, 
'Yinv 
ax2 
0 . (2 . 63) 
This condition was first developed by Thoman and Szewczyk [62] and has 
been used s uccessfully by o ther investiga t o r s [14] . The single condi t ion 
used i n this study was : 
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at x x + L , 
o e 
= 0 . (2 . 64) 
Equation (2.64) will be used with the o ther boundary conditions in the 
numerical solution procedure for the inviscid flow. 
4 . Transformed coordinate system 
The irr egular shape of t he displacement surfaces makes the use of a 
Cartesian coordinate system for a numerical sys tem awkward . The use of 
a Cartesian grid system for irregular boundaries may cause the truncation 
errors of the numerical solution to become unnecessarily large. 
Consequently, a coordinate transformation was used to replace the 
irregular physical domain with a numerically simpler coo rdinate domain. 
5 . Governing transformed equations and boundar y conditions 
The difficulty with a transformed coordinate system is that a 
problem with a simple governing equation and irregular boundaries is 
exchanged for a problem with a more complicated governing equation and 
regular boundaries . In this study, a normalizing coordinat e 
transformation of the form : 
x - x 
~ 0 L (2 . 65) e 
* y - 6L(x) 
n * * 6u(x) - o1 (x) 
(2 . 66) 
was introduced to r eplace the independent variables for the inviscid flow 
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domain . Figure 2 . 4 depicts the physical aspects of the trans fo rmed 
coordinate sys t em . Appendix A lists the necessary steps in applying 
this coo rdinate transformation to develop the transformed governing 
equation : 
* where CUL = 
* * 
2 d<\ doUL 
* <~ + n <l"r) 
oUL 
do~ do~ 2 
+ <dl + n dT) } 
a2tJJ 
inv 1 
--,.-a t,:=a_n_ + 
0 
* 2 
UL 
0 
* oL(x). Similarly, t he boundary conditions are 
transformed to the form : 
~inv (€,;, l . O) = l)J tot 
= o.o 
€,; = l. 0 
tjJ . (;, O) 
inv 
0 . 0 
(2 . 67) 
(2 . 68) 
(2 . 69) 
(2 . 70) 
(2 . 71) 
The transformed governing equation and boundar y conditions fo rm an 
elliptic pr oblem amenable to a numerical solution for the inviscid, 
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incompressible , irro t arional flow in the effective channel described by 
the displacement s urfaces of the viscous solution . 
54 
III . FINITE-DIFFERENCE FORHULATION 
In this chap ter, the finite - differen ce r epresentation of the 
governing equations and boundary conditions is described . The consis t ency 
and stability of the finite-difference equations is discussed , and the 
arrangement of the numerical grid is presented . 
The viscous boundary layer equations are presented fi r st, followed 
by the transformed invis cid equations , and finally, the fully ellip tic 
energy equation discussed in sec tion II . A. 4 . 
A. Viscous Flow 
1 . Nondimensional form of t he governing eq ua tions 
It i s convenient to nondimensionalize t he governing viscous equat i ons 
by defining a set of nondimens ional variables as : 
u v p " H u -- v p = H u ref u r ef 1 2 H r ef - p u 
2 r ef r ef 
p u x p refurefY _ ip _ x ref ref y _ P_ II' 
µref µref 
p 
p re f µref 
* 
"* 
p u cS dp/dx _ JJ_ ref r ef 
jJ 6 x (3 .1) 
µr e f µref (p r efu;ef/ 2) 
using arbitrary reference values fo r uref' p r ef a nd µref. Substitution 
of the nondirnensional variab l es into t he governing viscous equations 
yields the nondi mensional viscous eq uations for laminar flow: 
SS 
pU (3 . 2) 
,., au a'I' au a ,., au 
cp u ax - ax aY = - x + a y [ µ 0 y ] (3 . 3) 
2 
A " U l ~ r ~~ + H reff µ (1 
re 
~) u ~] 
Pr Cl Y 
(3 . 4) 
The initial and boundary conditions may also be nondimensionalized 
in a similar manne r . 
Initial condi tions : 
at X = O; U (O ,Y) = U. (Y) 
in 
" H (O,Y) = H. (Y) 
1n 
Boundary conditions : 
Al rng a ~olid houn<l~rv: 
U (X ,O ) = 'I' (X , O) = 0 
H (X, 0) 
c T p w 
H ref 
or 
A A 
µ Cl H 
- Pr ()y 
q u p 
w re f ref 
H 2 
r ef1\ef 
For a direct boundary laye r solution : 
at Y 
U (X,Y) = U (X) as Y -r oo 
e 
(3 . S) 
(3 . 6) 
(3 . 7) 
0 . (3 . 8) 
(3 .9) 
For an inverse solution for ex ternal flows or internal flows treated 
with the viscous-inviscid interaction scheme in the present s tudy , the 
outer boundary condi t ion for the momentum equation becomes : 
"* '¥(X , Y) = pU (X , Y) (Y - 6 (X)) as Y -r oo (3 . 10) 
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For a developing flow in a symmet r ic channel t reated wi t hou t 
viscous - inviscid i nt er ac t ion (by t he boundary layer equa t ions alone) , the 
outer boundar y condition becomes : 
I\.: 
U (X , Y ) (Heh 28 ) = '¥ e e tot (3 .11) 
or 
"' 
Heh au '¥ a t Y O; '¥ (X , Y) t o t 2 aY = 2 (3 . 12) 
wh i ch i s a l so a ppropriate f or symmetric and /o r fully deve l oped f l ows . 
For an asynnne tric channel using only a boundary l ayer solution 
at Y O; '¥ t o t (3 . 13) 
For the energy equa t ion, the oute r boundar y i s e ithe r a cons t a nt 
enthalpy condi tion as: 
as Y + 00 , H( X,Y) cons t an t (3 . 14) 
or e l se a symme t ry condition fo r f ul l y developed f l ow , 
,.. 
a t Y = Heh ' ~~ = 0 . (3 . 15) 
2 . Finite- di ffe r ence r epresenta t ion 
The governing bounda r y l ayer eq ua tions fo rm a se t of par abolic 
equa tions , which may be sol ved by a nume rical " ma r ching" solut ion. In 
this s tudy , the continuity and momentum eq ua tions will be so lved 
simultaneously i n a coupled manner . The ener gy equa tion will be solved 
in an unco upled manne r ut ilizing the r esults from the momentum solution 
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a t each marching station . For separated r egions , it has been 
demonstrated [14] that the continuity and momentum equations must be 
solved simultaneous l y in order to prevent wiggles in the velocity profiles 
and pr essure gr adient distribution. 
Figur e 3 .1 depic t s a t ypical point in a variable spaced grid about 
whi ch the fini t e- difference fo r m of the governing viscous equations may 
be expanded . Utilizing a f ully implicit differencing scheme , t he finite -
difference form of t he governing viscous equa t ions (2 .11- 2 . 13) becomes : 
(,.. i+lui+l + "' i+lui+l) p . . p . 1 . 1 
J J J - J -
ljl ~.+l - '1'7+1 
J J-l 
2 b.Y 
-- i+lui+l cp . . 
J J 
( '¥~+1 - '¥~) 
J J 
b.X+ 
i+l i+l 
(Uj - Uj-1) ] _ [ i+l 
- - X + M.+1 / 2 
ti.Y J 
+ 
b. y t o t 
i+l (U~+l - Uj - 1) ] / ~~-b.-Y___ (b.Yto t i 2) i+l - Mj -1/2 
<li~+l - li7) 
J J 
('¥7+1 - '1'7) 
J J 
ti.x+ b.X+ 
( u i+l 
j+l 
(3 . 16 ) 
(3.17) 
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(i -1 ,j+l ) (i ,j+l ) ( i +l,j+l ) 
( i-1,j ) ( i , j) ( i + l , j) 
. - - -(1 1,J 1) ( 1,J l ) ( 1+1,j - 1) 
Figu:-e 3 . 1. Finite-differ ence nunC" -·ical ?, r id fo r visco us flow 
i+l 
Qj - 1/2 
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·1·j~~+i - 8~+1 ) ] 
J J - 1 
b.Y 
2 [ cui+l + u~+l) cui+l _ 0~+1) u ref i +l j+l J j+l J 
+ -H-- N. + 1/ 2 -~---=-- --=---" Y-+-=--
r ef J 2 u 
- Nj - 1/2 
(U~+l + U~+l) 
J J-1 
2 
(3 . 18) 
In these equations , 6Y = 6Y+ + b.Y- and the diffusion coefficients a r e 
tot 
i+l 
evaluated as aver ages be t ween two gr id points , that is , Mj+l/ 2 
(M~:t + M~+l)/2 . A gr id spacing weighted differencing has been used for 
the t r ansver se convection t erms to maintain second order accuracy for 
1 d Th . b 1 i + 
1 h 1 d h unequa gri spacing. e varia e X as rep ace t e pressure 
gr adient term - dp/dx and will be solved as an unknown in the overall 
solution procedure presen t ed in Chapter I V and Appendix C. 
This finite- difference representation is first order accurate in the 
x dir ection , and for equal grid spacing it is second o rder accurate in the 
y direction [O( b.x, 6y
2
) ]. 
Bo t h the momentum and energy equations are nonlinear in t he 
dependent var iables a t the i+l station. In or der to form an algebraic 
set of linear equat ions suitable for a numerical solution , sone form of 
"linearization" mus t be applied t o the finite-difference eaua tions . 
The simples t of these me t hods is to simply lag some of t he nonlinear 
.• 
variables by evaluating them at a previous marching step . Th is simple 
lagging procedur e has been shown to cause unrealistic wiggles in bo th 
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the skin-friction and heat transfer for separated regions . Iterative 
updating of the nonlinear variables pr ovides a more realis tic , stable 
solution . The iterative updating procedure may be accelerated by a 
pr ocess known as New t on linearization . To develop the equations 
linearized by this procedure, the variables a r e fi r s t r eplaced by the 
value a t a previous ite r ative level plus the change between successive 
iterations in the updating procedure. For example : 
-i+l + ~ u. u 
J u 
qi~+l = 
J 
Thus, the nonlinear t e r m U~+l 'l' i+l becomes: 
J j 
(3 .19) 
(3 . 20) 
Nea r convergence , o0 and 6'1' become vanishingly small. The l ineariza tion 
involves neglec t ing products of the t erms r epresen t ing changes (6
0
, oqi) 
and then replacing the remaining 6 terms by: 
·+1 u~ 
J 
~~+l 
J 
(3 . 21) 
t o recover a linear representa tion for the nonlinear terms . Following 
the example al ready started : 
u~+l ljl~+l ::: u~+l ~~+l + u~+1 ljli+l - i+l - i+l (3 . 22) U. 'I' . 
J J J J J J J J 
Typically , the initial values for the known t erms, u~+l ·.pi +l are taken 
J j ' 
to be the values from the previous (i) marching step in the numerical 
solution , a nd are updated iteratively with the new values obtained after 
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each subsequent solu tion of the linearized equations . The iterative 
updating is repeated until the changes between successive iterations are 
sufficiently small . 
In this s tudy , Newton linearization was applied to the nonlinear 
terms in the momentum equation involving products of U~+l 
J 
linearization is required for the ener gy equation because 
i+l and 'I' . . No 
J 
" i+l H. appears 
J 
in a linear fashion when the veloci ties appea rin~ in the convective 
terms are known from the solution of the momentum equation at each 
streamwise station. For most of the cases tested, fluid properties were 
assumed constant for simplicity and thus t he energy equation need not 
be solved until the Newton linearization pr ocedure has converged and the 
final velocities have been calculated at each marching station . For a 
variable property solution, however, the effects of changes in fluid 
properties will affect the results of the solution of the momentum 
equation. For this case, the energy equation must be solved during 
each iteration of the Newton l inearization procedure after a new set of 
velocities i s obtained from the solution of the momentum equation. Each 
iterative solution of the energy equation then provides a new set of 
fluid property data at the (i+l) station to be used as input for the 
next solution of the momentum equation . The flow chart in Figure 3 . 2 
indicates the general solution scheme a t each marching step . Convergence 
of the iterative procedure is ob tained when changes be tween iterations 
is sufficiently small. That is , 
iji + 1 
j 
-1 + I 
~j 
s u~ + 1 ; 1 + l • ,.i + l 
J j j 
i + 1 -1 + 1 
• \I ~ + 1 s " j \Jj J 
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l 
VELOCITIES ANO PROPERTIES 
FROH PREVIOUS MARCHING STEP 
i i t 1 
uJ , 'l'J' PJ' uJ 
-1 + 1 1 -1 I I 
Uj • Uj 'fj + • fj 
-1 + 1 I -1 + 1 t 
Pj • pj \Jj "\Jj 
SOLVE CONT INUITY ANO MOMENTUM 
EQUATIONS TO OBTAIN NEW VALUES 
FOR ul + I "'i + 1 
j ' T J 
NO 
SOLVE ENERGY EQUATI ON 
FOR Hi + 1 
j 
UPDATE FLUID PROPERTIES 
1 + l I + 1 
. pj • \Jj 
EVALUATE CONVERGENCE 
NO 
PROCEE D TO 
NEXT MARCHING 
STEP 
NO 
SOL VE ENERGY 
EQUA Tl ON FOR 
• l • 1 
Hj 
Figur e 3 . 2 . Flowchart for calculat ion of viscous regions 
Max . [ -l _u~~+-1~- u~~-+_1_1 
ui+l 
j 
I i+l - i+l l fl . - µ. 
i+l µ. 
J 
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j'!' ~+l - ~~+1 1 
J J 
'!'i+l 
j 
I i+l - i+l l p . - p . 
J J 
Typically , the Newton lineariza tion procedure required 2-3 
iterations for convergence with a value of£ = 0 . 5 x 10- 3 . 
(3 . 23) 
The linearized finite-difference representations for the continuity , 
tromentum, and energy equations can be written in the fo llowing form for 
each grid point: 
ui+l ·+1 '¥ ~+1 '!'i+l b . + d. u~ + 0 
J j-1 J J J j-1 
(3 . 24) 
B. i+l + D. u~+l + A. i+l + E. qi ~+l H. X C. u. 1 uj+l + J J - J J J J J J J (3 . 25) 
* " i+l * " i+l * " i+l * B. H. 1 + D. H. + A. Hj+l C. J J- J J J J (3 . 26) 
wher e X, U, '¥ , and Hare unknowns , and the coefficients b . , d. , B., D. , 
J J J J 
* * ..;, * A. , E. , H., CJ., B., D., C., A. are known from the previous iteration o r 
J J J J J J J 
marching step. Act ual definitions of these coefficients are given in 
Appendix E. Thus , the simultaneous solution of the continuity and 
momentum equations involves 2NJ- 2 equations with 2NJ-2 unknowns , and the 
energy equation involves NJ- 1 equations with NJ- 1 unknowns , wher e NJ 
represents the numbe r of grid points across the flow including 
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boundaries . The actual solut ion procedur e for the matrix of unknowns 
is p resen t ed in Chapter IV . 
3. Consistency , s t abili t v 2 and conve r gence 
Lax's equivalency theorem for marching probl ems (see [63]) 
states that a finite-di ffer ence express i on (at leas t for linear 
partial differ ential equations) which meets the c r iteria fo r 
consis tency and stability will pr ovide a converged solution . 
Conve r gence indicates t ha t the finite- difference solution a opr oaches 
the true solution t o t he pa rtial differential equa tion wit h 
identical initial and boundar y conditions as the mesh is refined . 
Consis t ency deals with the extent to which the fini t e- difference 
equation approximates the partial diffe r ential equations . A fi nite 
difference represen t ation is consistent i f it reduces to the partial 
differential equation it r epresents fo r an infinitely small grid. The 
finite- difference equations ( 3 .16- 3 .18) ar e shown t o be a cons is tent 
r ep r esent a tion of the gove rning equations (2 .11- 2 .13) in Appendix H. 
Stability deal s with the gr ow th of numerical e rro r s from any 
sour ce as t he calcula t ion proceeds from one marching s t ep to t he next . 
Round- off e rro r s are a common source for unstable e rro r growth . No 
general s t ability theor y exi s t s fo r the analysis of nonlinear partia l 
diffe rential eq uations, however, guida nce may be ob t a ine d by applying 
a "heuris t ic" anal ys i s followin g the theor y of von Neumann (see e . g . 
[63]) fo r linear partial differen t ial eq uations . This "he uris t ic" 
;:i u 
analysis assumes tha t coefficients in a t erm such as v ay are locally 
constan t , and t ha t errors arise only from variables in the derivative 
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dU terms <ay), thus allowing the application of the von Neumann theory for 
linear equations for the pseudo-linear equation. 
The implicit scheme used in this study is unconditionally s table 
in the von Neumann sense; however, an unstable behavior may arise if the 
diagonal dominance of the matrix of unknowns is not maintained . The loss 
of diagonal dominance allows the possibility for a physically unrealistic 
solution to occur . In order to avoid this difficulty, the differencing 
scheme for the convective terms (v ~~' etc.) was shifted from a central 
difference to an upwind difference representation whenever diagonal 
dominance was not maintained. A self-checking procedure in the computer 
program indicated t hat this switch was never necessary in the cases 
tested, and therefore , diagonal dominance was a lways maintained with 
central differencing, providing a stable solution . 
4 . Grid arrangement 
The ~equal grid spacing in the finite-difference representation 
(3.16-3 . 18) of the governing equations (2 . 11- 2 .13) allows some 
flexibility in the choice of grid arrangement. For the laminar flows 
considered, equal spacing in both the x and y direction is adequate . 
Careful consideration of grid placement is important for a turbulent 
flow . Typically , turbulent flows are characterized by steep gradient s 
near walls , and grid clustering in these areas is recommended. 
Approximately 30-100 grid points were used for the solution of 
the boundary layer equations in this study . The largest number of grid 
points was usually necessary at the step where a large number of poi nts 
was added along the face of the step t o allow marching the s olution into 
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the separ a t ed region . 
B. Inviscid Flow 
1 . Nondimensional f orm of the gover ni ng equations 
The governing invis cid flow equation in transfo£med coordin a t es 
(2 . 67) may be nondimens i onalized by introducing nondimens i onal var iabl es 
as : 
tU . * inv ~ 
ljl . t/J u inv 
t o t 
* 0 
L 
e 
(3 . 27) 
where t/J t o t i s the t o t al vo lume f low for the inviscid analysis , and Le is 
an arbitrary r eference length . Introduction of t hese dimensionless 
var iables i nto Equa t ion ( 2 . 58) yie lds : 
"* "* 
2 d<\ doUL - -;:-;-- <cir + n ~) 
oUL 
0 
(3 . 28) 
The bounda ry conditions are nondimensionalized in a similar manne r 
to ob t ain 
11'. (O . o , n) inv (3 . 29) 
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I!' . ( .; , 0.0) 0.0 (3. 30) inv 
1¥ . inv 
(.; , 1. 0) = 1.0 (3 . 31 ) 
()21¥. 
inv 0.0 at .; 1 (3 . 32) 
an2 
2. Finite- difference representation 
The governing inviscid equation involves gradients in both the 
dependent variable 'I' . and the shapes of the displacement surfaces inv 
"* A* o1 , oUL" Since analytical expressions for the displacement surface 
derivates are not available, these terms must also be app r oximated by 
finite- differences . In this s tudy, the development of the finite-
difference solution is identical t o the procedure developed by Kwon 
and Pletcher [14] and the majority of the details will be discussed in 
Appendices F and G. The governing inviscid equation (2 . 67) was expanded 
using standard centr al differences f or every term utilizing a cons t ant 
spaced grid for b o th .; and n, as shown in Figure 2 . 4 . Rearrangement of 
th e res ulting terms yields : 
·+1 i+l ·+1 i 
- A,1il¥· i + '!'. + A, 1~ . i + (B,1, + C,1,)'I' . 
o/ invj+l invj o/ invj-l o/ o/ invj+l 
- 2(1 + B,,,)1¥ . i + (B,1, - C,,,) '1' . i + A,1~ · i-1+ 1¥ . i - 1 
o/ invj o/ o/ invj-l o/ invj+l invj 
A 'I' . i-1 
l/J inv . 1 J-
0 (3 . 33) 
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where the coefficients A~ , B~ , and C~ are given in Appendix F . This 
r epr esentation pr ovides a linear algebraic equation at each interior 
grid point. Details of the solution procedure is prese~ted in Chapter IV . 
3. Consistency, stability, and convergence 
The details concerning the definition and need for consistency , 
stability and convergence are presented in section III.3. Since an 
alternating direction implicit scheme is to be used, the concern for 
s tability again becomes one of maintaining diagonal dominance in the 
coefficient matrix. The conditions for diagonal dominance when using 
the ADI solution procedure described in Chapter IV have been established 
by Kwon and Pletcher [14] and are presented in Appendix G. The system 
of equations ob tained from the finite- difference representation 
satisfies the stability criteria and diagonal dominance. 
The finite-difference equation (3 .33) for the inviscid flow is 
second order accurate in both the ~ and n directions [0(6~2 , 6n2)J , and 
is a consiste nt representation of the governing inviscid equation in 
transformed coordinates. 
Since the finite- difference equation is both stable and consistent, 
an appropriate solution procedure will provide a convergent solution. 
4 . Grid arrangement 
As mentioned, the inviscid flow is calculated using a numerical grid 
with equal spacing in both the ~ and n direction. Previous studies [14] 
have sh~:wn this grid arrangement to be satisfactory . The r elationship 
between the transformed grid and the physical grid is displayed in 
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Figure 2 . 4. The effects of grid r efinement will be discussed in 
Chapter V. 
A t ypical inviscid calculation for the rearward- facing step fl ows 
under consideration was accomplished using a 50 x 60 numerical grid, 
where the most grid points were distributed in the direction normal t o 
the flow. 
C. Elliptic Energy Equation 
The elliptic form of the energy equation (2.41) may be 
nondimensionalized by introducing the following dimensionless variables: 
T - T c µref e 00 u v p T - T u v Pr k u ref u ref w 00 
x p refurefx y p refurefy _ P_ = p = 
11ref µref p ref 
"' k 
c 
k 
p 
(3. 34 ) 
k c 
ref 
p c 
pref 
Substitution of these variables into Equation (2 . 41) yields : 
(3 . 35) 
Substitution of the dimensionless variables into the boundary 
conditions (2.42- 2.45) yields: 
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0 < y < 
spr efuref 
6 (X ,Y) 1. 0 = 
µr ef 
sp refuref (s+o )p f u f TBL(y) - T 
at X = 
at X 
at Y 
at Y 
x < y < 
s j..lref 
(s+o)p fu f 
y > r e re 
j..lref 
X (downstream) 
y 
max 
0 
re re 00 
, 8 (X,Y) 
j..l ref T - T w 00 
8(X , Y) 0 . 0 (3 . 36) 
(3 . 37) 
e = o (3 . 38) 
e = i. o (3 . 39) 
In a numerical solution to Equation (3.35), a primary concern is t o 
reduce the e rrors introduced by artificial (nume rical) di ffusion . I n a 
r ecen t publication concerning numerical diffusion in con vec tion domi nated 
flows , Leonard [64) compared the characteristics of t he commonly used 
finite-diffe r ence schemes . Leona rd [64) showed that central differencing 
may lead t o physically unrealis ti~ oscil lat ions in an implicit scheme , 
or nonconver gence in an explicit scheme wh en convection dominates 
diff usion. Leonar d also showed tha t while upwind diffe rencing of 
convection t e rms leads t o a s table solution, this stability is achieved 
at the expense of excessive trunca tion e rro r s , thus forcing the use of 
a fine numerical grid to obtain accurate solutions . Leonard proposed 
the use of a 3 point upwind interpolation scheme t o estimate values o f 
the dependent variables on the s ur faces of the finite- difference control 
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volume . These interpolated values are then us ed to form the finite-
differences for convective terms . This scheme , appropriately called 
the QUICK algorithm (Quadratic Upstream Interpolation for Convect i ve 
Kinematics), has been found [65 ] to provide stab le, accurate solutions 
for cases in which numerical diffusion is normally a problem. 
Utilizing the QUICK scheme for streamwise convect ion , Equation ( 3 . 35) 
may be rep r esented in finite-difference form with constant gr id spacing 
and constant properties as: 
for u. . > 0 
1. ,] -
u. . [ 9~-- 2 
-2:..LL __J__ 
6X 8 
= ~ [ -(_8,,,_~ +_1_-_2_8_,_~_+_8.....,,~'----1_) + < 8~+1 - 28 ~ 
P r b.X
2 
6Y2 
and for u .. < 0 
1. 'J 
-2tl - _j__ + 2 8i+l 
u .. [ 9i+2 
6X 8 8 j 
1 [ ( 8~+1 - 2 8~ + 8~-1) ( 81+1 
= -A - -~]~~~~~~~~ + 
Pr 6X2 
i i 
( 8 j+1 - 8 j - 1) 
26Y 
(3 . 40) 
(3.41) 
i vi Since the velocities U. , are specified, Equations (3 . 40- 3 . 41) 
J J 
are linear and therefore, require no furthe r treatment for solution . 
Equations (3 . 40-3.41) may quickly be shown to be consistent using 
the methods of Appendix H. The finite-difference repres entation is 
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stable in the von Neuman sense; however, since a successive 
overrelaxation by lines (SLOR) implicit iterative solution scheme was 
used to solve Equations (3.40-3.41), the primary concern for stability 
is to maintain diagonal dominance in the coefficient matrix of unknowns . 
The solut ion scheme followed the suggestions made in a paper by 
Han~ al . [65] where various iterative l agging procedures and proper 
treatment of some unknowns as sour ce t erms wer e tested to determine 
their stability . The most stable of these combinations was used in the 
so lution of Equations (3 . 40- 3 .41 ) in this study, and no stabili t y problems 
were enco untered . Since Equat ions (3 . 40- 3 .41) are both consistent and 
stable, a convergent solution was obtained. 
In all cases , a constant grid spacing was used for both the x and 
y directions, since velocities were obtained on this basis . Solutions 
were obtained on a 40 x 100 grid. 
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IV . METHOD OF SOLUTION 
In this chapter, the gener al solution procedure for the algebraic 
set of equations resulting from the finite-difference representation of 
the governing equations is presented. 
The viscous solution procedure is discussed first, including 
implementation of the various out er boundary conditions. The inviscid 
so lution is obtained using an alternating direction implicit procedure, 
which is also described . Finally, the viscous-inviscid interaction 
procedure used to couple the viscous and inviscid solutions is described. 
In addi tion t o t he interaction scheme, the solution pr ocedur e for 
the fully ellip tic energy equation discussed will be described . 
A. Viscous Flow 
In section III . A. 2 it was noted that the finite- difference 
representation of the continuity and momentum equations are to be solved 
simul taneo usly at each marching step . The energy equation is solved 
after the velocities are ob t ained at each station. It should be noted 
that this visco us solution scheme gener ally requires itera tions to 
obtain the final solution at each str eamwise station because of the 
Newton linearization procedure described ln the previous chapter . . 
Since the momentum and energy results are obtained separately 
during each iteration of the Newton linearization, their solution 
methods will be described separately . 
The s imultaneous solution of the continuity (2 .11) and momentum 
(2 . 12) equations allows the following equation to be written at each 
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grid po i nt : 
expressing the boundary conditions in a similar fo rm r esults in a 
sys t em of block tridiagonal linear equations of the form : 
[ 
D
1 
E
1J r Al - 0] [O 0 J [O O] lO 
d
1 
- 1 I_ o o .o o o o o 
, 0 01 r B 3 0 -,J lo o_ _ b
3 
i 
r D 
3 
-., 
0 0 
0 0 
-:1:..1 I- 0 :J [: 
0 
0 
o ~ 
0 _J 
0 
0 _J 
0 
O I 
- 1_.! 
(4 .1) 
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(4 . 2) 
where the i+l super script has been deleted for convenience. 
This block t ridiagonal matrix may be solved by an elimination 
scheme similar to the Tl\O;nas algorithm for scalar tridiagonal systems . 
The elimination scheme for block tridiagonal equations is of ten 
referr ed to as the modified Thomas algo r ithm (see [14)) . Elimination 
of t he lower diagonal elements in the coefficien t matrix and 
rea r rangement of the res ulting equations provides : 
·+1 I i+l I xi+1 + u:- A . uj+l + H. C. J J J J 
(4 . 3) 
and 
'f' i+l I i+l I xi+1 + B. uj+l + D. E. J J J J 
(4 . 4) 
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for j = 1, NJ where NJ represents the outer boundary point in the 
computation domain . 
The coefficient s A., B. , C. , D., E . and 
J J J J J 
H. are given in Appendix E. 
J 
S . h · b d d. · ui+l ince t e inner oun a r y con itions , . = 1P ~+l = O a re homogeneous, the 
J J 
coefficients at j=l may be initialized by specifying A1 , = B1 = c1 = D1 
The remaining coefficien ts A. , B. , C., D., E. and H. may 
J J J J J J 
now be calculated from the wall outward t o the outer edge of the 
computational domain as discussed in Appendix E. The solution fo r the 
i+l i+l i+l 
unknowns i s accomplished by first determining XNJ , UNJ , and ~NJ using 
·+1 i+l 
For a direct solution , U
1 
and X are NJ the out er boundary condition. 
specified and the reduction proceeds immediately from this information . 
For an inverse solution , however , Xi+l must be treated as an unknown . 
In gene ral, determination of Xi+l at a given step for an inverse 
solution involves cons idering a set of equations involving the boundary 
conditions and the matrix r eduction equations (4 . 3 - 4 . 4) written at 
points near the o uter boundary of the computational do main . The exact 
equations necessary fo r a given boundary condition are listed in 
Appendix C. Manipulation of these equations provides a representation 
for xi +l in t erms of the boundar y condition constants and / or the matrix 
coefficients from neighboring poin t s . Ui+l and ~i+l may be determined 
NJ NJ 
in a similar manner . 
After evaluation Xi+l , u~;l , and ~~;1 , ~q uations (4 . 3, 4 .4) may be 
used to back substitute for the remaining unknown values from j=NJ- 1 to 
j=2 . The reduction of the matrix of unknowns in Equation (4 . 2) 
r epresents the solution of the continuity and momen tum equations during 
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one i t eration of the Newton linearizat ion procedure . After obtaining 
t his newly-updat ed velocity- s treamfun ction information, the energy 
equa tion may be sol ved. 
Recalling Equation (3 . 26), 
* B. 
J 
H. l + D. H. IAi+l I * l Ai+l J - J J * C. J (3.26) 
it is obvious that this eq ua tion written at each grid point (including 
boundaries) r es ults in a system of tridiagonal linear equa t ions of the 
form : 
l 
0 0 0 
0 0 
0 ! 
I 
! 
0 
0 0 * I ~3 =· 
. 
l 0 
(4 . 5) 
0 0 ~J-1 l * ~J-1 
0 0 0 
where t he i+l s uperscrip t is deleted for convenience . The coefficients 
* * * * A., B. , C., and D. defined in Appendix E include information from 
J J J J 
previous marching steps as well as the newly obtained velocity and 
streamfunction infor mation. 
This system may be efficiently solved by a form of Ga ussian 
elimination known as the Thomas algorithm. The algorithm proceeds by 
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eliminating the lower diagonal coefficients to obtain a reduced matrix of 
the form : 
* * "' l re~ Dl '°\ 0 0 0 0 tll 
* >'t "' 0 Dl A2 0 0 0 H2 c2 
* * " * 0 0 03 A3 0 0 HJ c3 
I (4.6) 
I 
I. 
I 
I 
I 
* * A I * 0 0 . DNJ - 1 ~J-1 ~J-1 I CNJ- 1 I * " I * 0 0 0 DNJ ~J J I CNJ L 
where : 
* 
* -;'< 
B. 
_J_ * D. D. * Aj - 1 (4 . 7) J J D. 1 J-
* 
c~ * B. _J_ * = c . * c j - 1 (4 . 8) J J D. 1 J-
f r om j=2 to j=NJ. 
Back substitution for the unknowns may now proceed by noting : 
(4 . 9) 
and then determining the remaining unknowns through : 
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* * Aj+l c. - A. A J J H. = (4 . 10) 
J * D. 
J 
from j=NJ- 1 to j=l . 
Using the newly calculated t otal enthalpy , an updated set of 
temperatures may be ob t a ined by noting : 
Hi+l - u~+l 
J J 
2 
T~+l = 
J c p 
(4 .11) 
These t empe ratures may now be used with the pressure gr adient to 
i+l i+l . 
ob t ain an updated se t of fluid properties , p j , µj us ing the 
eq uations in Appendix D. In cases where a constant pr oper t y solution 
is desired , t he entire ener gy eq uation solution scheme may be removed 
from the New t on linearization procedure . In ot her wo rds , Equation (4 . 5) 
is not solved until afte r a converged velocity solut ion has been 
obtaine d a t each marching step . 
Th~ solution scheme enco mpassed in Equations (4 . 1 - 4 .11) completes 
one f ull iteration of the Newton linearization procedure fo r a var iable 
proper t y flow. The i t era tions a t each streamwise location is continued 
until the maximum change in velocities , s t reamfunctions , and fluid 
properties be tween two successive ~terations is less t han or equal 
to a pr edetermined convergence criteria as : 
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Max. 
( 
J 6 u . I i M' . I J 6p . I J 6µ . I ] 
of J J J J < t: 
u , '!' ' p ' µ -
e e e e 
(4 . 12) 
In the present calculations , the conver gence crite ria was set equal to 
- 4 5 . 0 x 10 . 
The entire solution procedur e may be s ummarized as follows : 
1) Ass ume the s olutions of U and '!' across the viscous flow regi on 
i 
If . ) . 
J 
I 
2) Cal culate A.' B.' c.' D. ' E. and H. for j =2, NJ . 
J J J J J J 
3) Evaluate i+l x , ui+l NJ , and 'l'i+l NJ using the outer boundary condi tion 
and the methods in Appendix C. 
4) B k b . i + 1 d ll/ i + 1 . . (4 3 4 4) ac su s titute U. an r . using Equations . - . . 
J J 
5) For a cons tant property solution, go to s t ep 8 ; otherwise , 
* * * * calculate A. , B., C. , and D. for j=2 to j=NJ. 
J J J J 
6) Back s ubstitute for H~+l using Equations (4 .9 - 4 .10) . 
J 
7) Evaluate temperatures with Equation (4 . 11) and fluid proper ties 
with Appendix D. 
8) Evaluate the convergence of the solutions using Eq ua tion (4 .1 2) . 
If the solution is not converged , return to step 2 . 
9) For a constant property solution , calculate steps 5-7 for a 
solution t o the e nergy equa tion . 
10) Pr oceed to the next marching step . 
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All viscous flow calculations were sta rted with an initial profile 
for U, '¥ and H, and "marching" the solution in the streamwise (posi ti ve 
X axis) direction using a direct solution procedure . The switch t o the 
inverse procedure is implemented in regions where separation i s 
expected and strong interaction with the freestream is anticipated. The 
advantage of the inverse solution procedure is that the pressure gradient , 
x, is obtained as part of the solution , and hence t he solution may 
proceed through separation . The interaction of the viscous solution with 
the freestream is described in section IV . C. on t he discussion of 
viscous-inviscid interaction . 
It must be noted that during the course of the viscous solution, 
it may be necessary to add additional points to the computational domain 
t o encompass the entire region affected by viscous and thermal effec ts. 
B. Inviscid Flow 
The finite difference representation (Equation 3 . 33) of the 
governing inviscid equation ( 2.67) results in a system of linear 
algebraic equations with the inviscid streamfunction as the unknown . 
Such systems are solvable ei t her directly , by simultaneous solution , 
or indirectly through an iterative procedure . For sparse coefficient 
matrices (sparse meaning a low concentration of non-zero coefficients) 
such as the one under consideration, itera tive pr ocedur es a r e 
considered t o be the most efficient (see e . g . [63]) . Gene rally , 
implicit iterative methods are more efficient than point iterative 
methods such as Gauss-Seidel iteration [66]. Implici t methods solve 
fo r subgroups within the entire comput ational domain using elimination 
82 
techniques during t he iterative process . 
In this s tudy , an alternating direction implicit (ADI) method is 
used. The ADI method solves a tridiagonal matrix of unknov:ns by 
dividing the domain into groups of rows and columns. One iterative 
pass i s completed by sweeping a solution t hrough all of the rows and 
all of the col umns, where the tridiagonal matrix of unknowns are the 
values of the dependent var iables in t he r ow or column under 
consideration . All other values are treated as known . The solution for 
each r ow or column is ob t ained by solving the r esulting tridiagonal 
matrix with the Thomas algorithm discus sed in secti on IV.A . The overal l 
iter ative procedure is repeated until changes in the unknowns between 
s uccessive iterations is within a s pecified tolerance, i . e., 
I '11~+1 _ '!In 
i.nv. . inv. . 
l. , J 1 , J 
\II 
·tot 
1ll 
' t o t 
< £ (4 .13) 
where n+l denotes the over all iterat ion l evel . The value of£ used for 
t his study was 5 . 0 x 10-s. 
The conve r gence of the iterative pr ocedure may be accelerated by a 
pr ocess called s uccessive overrelaxation (SOR) . The use o f SOR involves 
adjusting newly calculated values of the unknowns to anticipate changes 
i n fu ture iterations . Typically , this is acconpl ished by solving fo r a 
new value of '!ln+l and then specifying 
i,j 
qi~ 
1nv . . 
l.' J 
+ w ('!'~+l 
1nv .. 
l.. J 
'1'n ) 
inv .. 
l. ' J 
(4 . 14) 
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where 0 . 0 < w < 2 . 0 . 
For 0 . 0 < w < 1. 0 , the upda t i ng is termed underrelaxation and for 
1. 0 < w < 2. 0, the updating is termed overr elaxa ti on. The optimum 
value for w to provide the mos t rapid convergence general l y va r ies f r om 
one solution t o another. In this study , values of w ranging from 1 .4 
t o 1.6 appea r ed to give the best results. For the solutions at hand , 
this resulted in approximately 10-15 iterations of the ADI procedure 
for the first iteration of the viscous-inviscid interaction, and 
approximately 7-8 iterations for s ubsequent solutions using t he previous 
s oluti on as input. 
After a conver ged solution is ob tained, the x component of veloci t y 
along the displacement surfaces may be computed fr om the inviscid 
solution by noting: 
a'i' . 
u = e . 
inv 
inv 
an (4 .15) 
This edge velocity dis tribution will be used in t he viscous- inviscid 
intera ction procedure described in the next sect ion . 
C. Viscous-Inviscid Inte r ac tion 
Equations (3 .16), (3.17), (3 .18), and (3 .33) may all be used with 
the solution pr ocedures described in the previous two sections to ob tain 
the viscous and inviscid solutions fo r a gi ven flow . For a separating 
flow , it is imperative t o use the inverse boundary laye r solution 
procedure t o avoid the difficulty of the singularity of the governing 
viscous equations at separ ati on. As mentioned, many inves tiga t or s have 
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shown that the boundary layer equations (2.11- 2 . 13) can accurately 
predict the characteristics of relatively thin separation bubbles as 
long as proper treatment of the freestream is included [14, 49 , 50]. 
In this study, the viscous and inviscid freestream solutions will 
be matched by what i s known as viscous- inviscid interaction . The 
viscous-inviscid ma t ching procedure developed by Carter [67] and Kwon 
and Pletcher [14 ] was used in the present study . This method has been 
s uccessfully used for thin separ ation bubbles on two-dimensional 
bodies (68] and r earward-facing step flows [14]. 
For the prediction of the flow in a channel in a two- dimensional 
channel with an asymmetric or symme tric step expansion , the flow may be 
divided into several s ubregions . For t he region where flow separation 
is anticipated, it is advan t ageous to define an interaction region. 
The interaction region will be used to proper ly match the viscous and 
inviscid solutions for an accurate flowfield prediction. The exact 
placement of the interaction region must be carefully considered . It 
should extend far enough in both directions t o account for all per t inent 
upstream and downstream infl uences , but not so far as to waste computer 
time . Typically , a viscous solution begins using the direct solution 
procedure up to the interaction region. At this point, t he inverse~ 
solution procedure is used utilizing a specified displacement thickness 
as t he ou ter bo undary condition . Af ter ob taining t he viscous solution 
fo r both walls, the inviscid solution i s obtained in the interaction 
region using t he displacement t hickness distribution specified for the 
viscous solution . If the correct displacement thicknesses a re used for 
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* * the upper (6u(x)) and lower (oL(x)) walls , then the edge velocities 
from the viscous solution, U (x) , U (x) and the inviscid solution 
eBL eBL 
u L 
u 
e. i.nv 
u 
(x), U 
e . 
l.nv
1 
(x) will match exac t ly . Nor mal l y , however , t he exact 
dis placement thickness is not known a priori, and the edge velocities 
will no t agree. The difference between the edge velocities ob t ained 
from the viscous and inviscid solutions may be used t o calculate an 
impr oved estimate for the displacemen t thickness es on each wall. Us ing 
a concep t based on maintaining cont inuity in the boundary laye r [14) , 
t he following equa tion may be obtained : 
*n+l 0 (4 .16) 
whe r e n de no t es the global iter a tion level of the interac t ion procedure . 
The success ive overrelaxation concept discussed in sec tion I V. B 
may also be appl i ed t o the iterative updating of the displacemen t 
t hickness such that: 
u 
o*n+l = 
u 
eBL 
e. i.nv 
+ (1 - w) o*n 
wher e the same limits app l y to was mentioned in sec tion I V. B. 
Of co urse , in a r earward- facing s tep flow, the displ acement 
(4 . 17) 
thickness distribution used in t he inver se solution mus t be modified by 
a value equal to t he step heigh t t o co rrec tly define t he ef fective flow 
channel for the inviscid solution. Illat is , 
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* X < X o. (X) s inv * oBL (X) + s 
* X > X o. ( X) 
s inv 
* oBL (X) 
(4.18) 
Thus, some choice is available as to which value of the displacement 
* * thickness (o . (X) or OB"' (X)) should be updated. Although the inviscid inv 'l..o 
displacement thickness provides a smooth distribution, updating the 
values upstream of the step could cause unrealistically thin , or even 
negative values for the boundary layer displacement thickness . Hence , 
it appears best to apply the updating to the viscous solution 
displacement thickness. Kwon and Pletcher [14] advise using 
underrelaxation during the updating of solutions on stepped walls in 
order to avoid extreme changes in the displacement thickness due to the 
difference in the magnitude of the displacement t hickness values upstream 
and downstream from the step . The entire viscous and inviscid solutions 
are repeated until U (X) and U (X) are within sa tisfactory agreement 
eBL einv 
such that 
ju (X) - u (X) I 
eBL e. inv < e: (4 .19) 
for all calculation points in the interaction zone . A discussion on 
t he convergence of the viscous - inviscid interaction procedure and the 
numerical value of e: will be presented in Chapter V. 
Thus , the viscous-inviscid interac tion procedure may be summarized 
as follows: 
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* 1) Assume a 6 distribution along the upper and lower walls . 
2) Using the specified displacement thickness and the inverse 
solution procedure, ob tain the viscous flow results and edge velocities 
for both the upper and lower walls, U (X), U (X) . 
eBL eBL 
u L 
3) Using the same o* as in step 2, modified t o account for the 
step height (see Eq . 4.18), calculate the inviscid flow solution for the 
inter action region in Figure 2 . 4 using the ADI procedure discussed in 
section IV.B . 
4) Examine the convergence of .the solution using Eqaution (4 . 19). 
If the solution is converged, end the calculation: otherwise , proceed 
to step 5 . 
* 5) Update oBL on both walls using Equat ion (4.17) and taking 
proper account of the step height- displacement thickness relationship 
described by Equation (4.18). 
6) Return to step 2 . 
A skelton flowchart for this procedure is depicted on Figure 4 . 1. 
D. Elliptic Energy Equation 
After a velocity field has been found from the viscous- inviscid 
interaction proc~dure. in section IV . C, Equations (3 . 40- 3 .41 ) written 
at every grid point in the elliptic energy equation solution domain 
results in a system of linear algebraic equations . This matrix ma y be 
quickly reduced by a successive overrelaxation by lines iterative 
implicit procedure (see e.g . [66]) . Although the ADI procedure 
discussed in section IV may prove t o be more efficient, it was 
NO 
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INITIALLY PRESCRIBED 
6* ALONG UPPER ANO LOWER wALLS 
YES 
BOUNDARY-LAYER SOLUTION 
FOR LOWER \/ALL 
BOUNDARY-LAYER SOLUT IO/t 
FOR UPPER WALL 
YES 
+ ( 1 - w) o*" 
INVISCID 
SOLUTION 
Figure 4 . 1 . Flowchart for viscous-inviscid interaction solution scheme 
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anticipated that any stability problems would be easier to correct with 
a one- directional solution procedure . In order to accelerate 
convergence, the temperature field resulting from the solution of 
Equation (3.18) in the viscous-inviscid interaction solution was used 
as an input to the solution of the elliptic energy equation using SOR 
by lines . 
Several variations were possible in the method by which the SOR by 
lines procedure could be applied . The main concern was t o insure that 
diagonal dominance was always maintained so that stability was not 
impaired . In a study by Han~ al. [65], seve ral lagging procedures wer e 
compared to evaluate the stab ility and speed of convergence of each 
method . The lagging procedure involves evaluating all or part of an 
unknown at a previous iteration level. Essentially, this treats the 
equation for the variables as consis ting of an unknown t erm and a 
source term . The most s t abl e of the suggested lagging procedures was 
used in this study, allowing the implicit equation for each grid point 
in a sweep of rows to be written as : 
wh1:::re: 
u > 0 
B. e ~+l + o. e ~ 
J J J J 
B. 
J 
3U~ 
_J_ -
46X 
U
i 
. 2 
D =__J_+-. 46 X A 
J Pr 
1 
i-1 A. 8 . 
J J 
C. 
J 
(4 . 20) 
(4 . 21) 
(4 . 22) 
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u~ 1 
A. __]_ - (4 . 23) 
J 26X A t:. x
2 
Pr 
u~ (8 ~-1 8 ~+1 i-2 8 ~) u > 0 C. __]_ + 8 . 86X J 
and : 
u < 
J J J J 
v~ i i 1 i i - _J_ (8j+l - 8 . 1) + (8 j+l + 8 . 1) (4 . 24) 26Y J - A t:.Y2 J -Pr 
- 3U~ 1 B. = __l_ - (4.25) 
J 86X ,,... 2 Pr D.X 
i 
- u. 2 
(-1- + _l_) D. _j_+- (4 . 26) 
J 86X A D.X2 D.Y2 Pr 
u~ 1 
0 A. = _J_ (4 . 27) 
J 26X 
,,... 
D.X
2 
Pr 
ui 
38~+l 2 8 ~) c. _j_ ( 8i+2 + 
J 86 X j J J 
v~ 
i i 1 i i _]_ 
(8j+l 8 . 1) + (8j +l + 8 . 1) (4 . 28) 2D.Y J - " t:.Y2 J -Pr 
The lagging procedure indicates that all of the t erms in C. are 
J 
eval ua t ed f r om a previous i t era t ion l evel , and a re treated as known . 
Thi s so lution scheme was s t a ble, a nd using the t empera t ure f i eld of 
Equation (3 .18) as input, conver gence of the SOR by lines procedure was 
obtained in 10-15 iterations with a conver gence criteria 
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e: = 
I e~+~ - e~ .1 
l.,J l. , J 
1. 0 
- 3 
< 1.0 x 10 (4 . 29) 
The op t i mum value of the r elaxation fac t or w in the solut ion o f 
the elliptic ener gy equation was found to be approxima t ely 1 . 5 . 
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V. RESULTS AND DISCUSSION 
The finite-difference numerical schemes described in the previous 
chapters were assembled in a FORTRAi~ computer pr ogram t o analyze heat 
t ransfer in separat ed f l ows for the r earward- facing step geometr i es 
di s cussed in Chapter I . 
The r esults are presented in four sections . Prior t o treating cases 
with heat transfer, two simple inter nal flow test cases were examined . 
Firs t , t he developi ng laminar flow i n a constant area two- dimensional duc t 
wa s cal culated to evalua t e the conver gence characteristics of the viscous-
invi scid interaction procedure . The laminar flow in a symmetric diffuser 
was then calculated . Viscous results were ob tained using Prandtl ' s 
t r ansposition theorem (61) , which was disc us sed in section I I . A. 5. 
Sol utions obtained f r om the presen t viscous-inviscid interac tion method 
were compared to the solutions obtained by Moses~ al . (69) us ing a 
simultaneous integral boundary layer - inviscid f r eestream calculation 
scheme , and the par tially parabolized Navier-Stokes (PPNS) solutions 
cal cula t ed by Jorgensen [70] for the same geometry . This case is of 
inter est since the boundary layer separation point was not pr edetermined , 
as i n a step f low, and thus the l ocation of sepa ration was obtained as 
part of the solution. 
Next, hea t transfer results are presented for the fully deve l oped 
laminar flow in a channel with a sudden asymmetric expansion . Since no 
inviscid co re can be identi fied for such a flow , solutions were ob t ained 
using a one- pass boundary layer solution . Unfortuna t ely , no detailed 
exper ime ntal heat transfer data wer e available for comparison ; howeve r , 
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the ve l oci t y profile measu rements made by Armaly ~al . [4] were used 
for flowfield comparison. 
Finally , the viscous-inviscid interaction procedure was applied t o 
eval ua te heat transfer i n t he separating l aminar flow in a two-dimensional 
channel wi t h an asymme tric s tep expansion. Both constant p r operty and 
variable proper t y solutions were ca l cula t ed . Predictions we r e compa r ed 
with the experimental data of Aung [5] and the numerical solution to a 
more complete (fully elliptic) energy equation. 
For all cases considered, the working fluid was air , using t he 
prope rties described in Appendix D. 
A. Internal Developing Fl ow Test Case 
A simple test case for evaluating the characteristics of any 
numerical scheme is the developing flow in a channel . The viscous-
inviscid interaction scheme was applied t o calcula t e the developing 
laminar flow of air in a s imple two-dimensional channel with a constant 
cross - sec t ional a r ea. Clearly , such a prediction is of limited 
usefulness since many o ther less complicated methods a r e available t o 
accura t e l y predict such a f l ow . The ac tual purpose of this inves t igation 
was to evaluate the convergence char acterist i cs of the viscous-inviscid 
interaction procedure under various conditions . 
The channel was a r bitr arily defined as having an inlet height (H. ) 
in 
of 0 .15 24 m (0 . 5 ft . ) , and an inlet Reynolds number (Re = u H. / '.' )equal 
in 
t o 2912 . 7 . This Reynolds number was obtained by using u = 0 . 3048 m/s 
(1 . 00 ft/s) and air at 305 . 6°K (550°R) . For t he purposes of this 
investigation, fluid properties were assumed constant. The overall 
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length of the channel considered was 0 . 3048 m (1 . 00 ft.) . 
In order t o apply viscous- inviscid i nterac tion to this flow, an 
initial starting length was defined before the beginning of the 
interaction region . This initial region is s hown in Figure 5 . 1 . The 
initial starting length was used because the inverse solution procedure 
cannot be used for a leading edge flow where the value of the specified 
displacement thickness may be smaller than the distance between the fi r st 
two grid points from the wall . Any attempts to do this resulted in 
nonconvergence of the Newton linearization procedure. Instead , the 
solution in the initial starting l ength was obtained by specifying an 
average inlet velocity and us ing the boundary layer solution pr ocedure 
wi th an overall mass flow rate constraint (see Eq. (2 . 28)) . This 
solution technique shall henceforth be referred t o as the boundary layer 
solution for internal flows. This solution scheme was used fo r t he 
first 0 . 03048 m (0.1 ft . ) of the channel , which was found t o be a safe 
starting point for the interaction region. The solution fo r the initial 
starting length then provides an inlet velocity profile and displacement 
thickness for the interac tion region. The boundary layer solution for 
internal flows was also applied t o the entire length of the channel to 
provide a solution which was compared with the viscous -inviscid 
interaction results. 
Starting with the displacemen t thickness from the boundary layer 
solution for internal flows, the viscous-inviscid inter action was 
observed t o converge in 4 iterations for a conver gence criter ia E (see 
-3 Eq . (4 .19)) of 0 .5 x 10 . Figure 5 . 1 i llus trates a compa r ison of the 
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displacement thickness res ults ob t ained f r om bo th the bounda r y layer 
solution for internal flows , and the viscous -invi scid interaction resul t s . 
As expected, the boundary layer development on the upper and lower walls 
was symmetric for both solutions . Differences in the solutions resulte~ 
from the nature of the governing equations used t o obtain solu tions . 
The governing equations for the boundary layer solution for internal 
flows are parabolic . In physical terms, this indicates that changes in 
the flow downstream of a given point will not affect the solu tion at 
that point. The viscous-inviscid interaction solution , however, pe r mits 
ups tream influence t o be introduced t hr ough the inviscid stream . This 
indicates that changes in the flow downstream can influence the s olution 
everywhere in the channel . Figure 5 . 1 also shows the qualitative 
differences obtained from both solutions . The boundary l ayer solution 
for internal flows proceeds unaware of the thickening of t he viscous 
region and the acceleration of the inviscid fl ow co r e downst r eam . The 
viscous - inviscid interaction solution, however, account s fo r the 
downstream behavior, and it would appear that this causes a slight 
thickening of the boundary layer near the leading edge , and a slightly 
thinner boundary layer downstream, although these differences were 
exaggerated an Fi~ure 5 . 1 for clarity . In general, bo th solutions were 
in good agr eement with o ther accepted results for this flow [71 , 72 ] 
I n any general application of a viscous-inviscid interaction 
procedure, it is not normally anticipa ted that th e viscous and inviscid 
edge velocities will be ob tained at identical l ocations in t he flowfield . 
In o the r words, grid points used in the inviscid solution may no t 
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directly coincide with the (x) location of grid poin t s used in t he 
viscous solut ion; thus, s ome form of in t erpola t ion must be used in 
order t o compare edge velocities or displacemen t thickness a t the same 
(x) l oca t ion . The int erpolation r outi nes are actually curve f its based 
on an as s umed func t ional form of the da t a , and thus some e ff ec t ive 
truncation e rror (T . E.) is introduced by the use of t hese r out ines . It 
was no t ed tha t fo r a given grid and choice of c urve fit , there seemed 
t o be a minimum achievable l evel of convergence ob t ainabl e in the 
interaction procedure . It was de t e rmined that a t some point in the 
calculation , s mall numerical error s introduced through the trunca t ion 
error of the interpolation r outines for the edge velocities and 
displacement thickness became l arger than ac tual changes between 
s uccessive iterations of the interaction . Thus , a convergen t behavior 
s hould be expec t ed up t o the poin t where these e rrors are app roximately 
the same magni tude as the changes between s uc cessive iterations . This 
sugges t s that t he convergence cr i t e ria must be care f ully chosen t o 
avoid excessive run time . If a lower l evel o f convergence is needed , 
a finer grid o r a IlX) r e sophis ticated interpolation scheme may be used 
t o reduce the magnitude of the interpola tion err o r s . 
During th e course of the internal developing flow t es t case , sever al 
inter polation and s moo thing r outines were utilized t o examine their 
e ffect on t he convergence of the inte r ac tion procedure . The internal 
f l ow t est case was predicte d sever al t imes us ing par abolic and cubic 
spline inter pola tion t o ex9mine the effec tiveness of th e higher order 
routine . A numerical s moo thing routine for the edge velocities in the 
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inviscid solution was also tes ted. In every case , the displacement 
thickness distribution obtained from the boundary layer solution fo r 
internal flows was used as input fo r t he interaction method . \·.11ile the 
final results for each case were essen tially the same , the convergence 
behavior of the in t eraction procedure varied dras tical l y . Figure 5 . 2 
compares the convergence behavior of t he three test cases using iden t ical 
ini tia l conditions . An average err or 
i ui u 
n eBL e. 
(¢ L l.nV I n) i j=l u 
e 
BL 
is plotted for each iteration of the interaction pr ocedure for each test 
case . As the interaction procedure app r oached a convergent solution, an 
oscillat ory behavior occurred in the average error fo r al l three of the 
test cases , indicating that interpolation e rro r s were becoming as large 
as changes between successive iterations . In fact , two cases appear to 
be nonconvergent , although the average e rror even tually began to dec r ease 
with f urth er iterations . It i s obvious from Figure 5 . 2 tha t the t es t 
case using cubic spline interpolation and no smoo thing not only allows 
a lower convergence criteria , but is also more stable when oscillations 
in the a verage error occurred . However , the expense of the stable 
convergence is the extra computer t ime and stor age necessar y for the 
higher order interpolation. 
A similar behavior in t he erro r term was eventually noted to occur 
for all o th er flow geometries tested in this study , and in some cases , 
actual convergence was not ob t ained in t erms of the convergence criteria , 
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£ . For these cases it was fo und that grid r efinement or higher o r der 
interpolation schemes allowed the progress of the solution t o comple t e 
convergence . For some cases, it was de t e rmined t hat the numerical 
solution was changing by only a small amount between iterations , so 
final results were taken at the point where the lowest average e rro r 
occurred . 
B. Symmetric Diffuser Test Case 
Moses et al . (69) arbitrarily defined a t wo- dimensional symmetric 
diffuser geometry for a study of his viscous-inviscid interaction 
procedure based on the s imultaneous solution of the integr a l boundary 
layer equations and the Laplace equation fo r s treamf unction . This 
geometry i s shown in Fi gure 5 . 3 . It was advantageous to apply the 
viscous - inviscid int e r action procedure to this f l ow fo r sever al r easons. 
Since the solution app r oach used by Moses ~.al . [69 ] is similar to the 
interaction method used in this s tudy , some compar ison of t he 
effectiveness of the methods was available. This flow was also computed 
by Jorgensen [70), using the partially parabolized Navier- Stokes (PPNS) 
equations. The PPNS solution includes the effect s of pr essure gradients 
in the normal direc tion and some measure of the validity of t he boundary 
layer equations for separated flow was possible. Another poin t t o 
consider is that the point of separ a tion is not pr edetermined in this 
case as it is i n a rearward-facing step flow. Ther efore, the sepa r ation 
point was ob t ained as part of the solution . 
In defining the f l ow case , Moses e t al . [69] specified not only the 
geomet r y in Figure 5 . 3, but also an inle t e dge veloci t y 
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u. = 0 . 628 ~ (2.0619 ~) and an inlet Blasius t ype velocity profile 
in s s 
with 6;
1 
= 4.572 x 10-J m (0 . 015 ft . ) . 
in 
Since the geometry is symmetric, the interaction procedure was 
applied from the lower wall of the diffuser to th e duct centerline. The 
interaction region extended the entire length of the channel . Since the 
channel walls do not directly align with the coo rdinate system, viscous 
solutions were ob tained along the wall by making use of Prandtl's 
transposition theorem [61] following Glauert 's (73] criteria . The 
inverse solution procedure requiring the specification of a displacement 
thickness is unaffected by this transformation. Special care was 
necessary for the inviscid solution . A reference line parallel to the 
* * wall at the duct exit was used to specify ou(X), and o1 (X). Since the 
* duct cent erline was the upper boundary for the inviscid flow, oU (X) was 
* set equal to a constant. The value of o
1 
(X) was specified by considering 
both the boundary layer displacement thickness, and the distance from 
the lower wall to the re ference line. 
Utilizing the displacement thickness results given by Moses et al . 
(69] as input for the present interaction scheme , convergence was achieved 
in 6 iterations for a convergence criter ia of 1.0 x 10- 3 . A comparison 
of the present viscous-inviscid interaction results and the results of 
Moses ~ a l. [ 69] fo r friction coefficient and displacemen t thickness is 
given in Figures 5 . 4 and 5.5, respectively . Moses et al . obtained 
solutions by simulta neously solving a finite-difference form of Lapl ace ' s 
equation for the inviscid freestream with an integral forr.i of the boundary 
layer equations. The main difference between Hoses et a l.' s method 
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and the present interaction scheme is that their integral boundary 
layer formulation requires that a functional form of the velocity profile 
be assumed . They predicted solutions using a cubic , quartic . and a 
Falkner-Skan functional form for the velocity profiles . The results. 
from each method are shown in Figures 5 . 4 through 5.5 . It is apparent 
that the assumed form of the velocity profile plays a large part in the 
final solution . The best agreement with the results of this study were 
noted for the Falkner-Skan profile solution . 
A comparison of friction coefficient and displacement thickness 
with the PPNS solution obtained by Jorgensen [70) for the same geometry 
is given in Figures 5.6 and 5 . 7, respectively . The PPNS solution 
includes normal pressure gradients throughou t the entire flow . The 
viscous-inviscid interaction procedure neglects normal pressure gradients 
in the boundary layer regions . Relatively good agreement was obtained 
with Jorgensen ' s [70) predictions. It would appear that the solutions 
ob tained by the present interac tion method show some disagreement with 
the other solutions in the flow development region upstream of the 
channel expansion . The interaction solution slightly overp r edicts 
displacement thickness and underpredicts friction coefficient in the 
inlet region . • No apparent reason was discovered for th is behavior . 
Since the primary purpose of a diffuser is to reduce the speed of 
the flow and obtain a rise in static pressure, it is worthwhile to 
examine the pressure distribution along the length of the channel . 
Figure 5.8 compares the boundary layer edge pressure distribution 
ob tained from the viscous-inviscid interaction calculation with the 
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predictions of ~loses ~ al. [ 69] fo r their various assumed velocity 
profiles . A dimens i onless relative pressure is plotted against a 
dimensionless lengt h along the channel . While fair agr eement was found 
near t he inlet , extremely poor agreement was no t ed at the outlet . A 
similar compar ison i s made with t he PPNS solut ion of Jo r gensen [70] in 
Figur e 5 . 9 . Since Jo r gensen ' s [70] r esults we r e obtained with a 
t r ansformed coordina t e grid, results are presented for var ious values of 
the dimensionless t erm y/Hch ' In this case , y is the normal distance 
measured f r om t he channel centerline, and Heh is the channel half height 
at the specific (x) l ocat ion . The interaction results show much bet ter 
agreement wi t h t he higher order solution of Jorgensen [70] . ~ost worthy 
of note is t he good agr eement obtained at the channel outlet , where good 
pr essur e pr edic tions ar e critical fo r engineering applications . Thus , it 
would appea r t ha t no significant loss of accuracy was incurred by using 
the boundary layer equa t ions to model th e separated region . 
C. Fully Developed Laminar Fl ow in an Asyrrnnetric 
Expansion Tes t Case 
The exper imen t a l studies done by Armaly ~al . [2 , 4] were chosen 
as the test cases fo r t he fully developed laminar flow in a two-
dimensional asynnne tric expansion channel . Armaly ~al . [4] measured 
velocities using a laser doppler anemometer in an expansion channel with 
an inlet hei gh t (H . ) of 0 . 52 cm and an area expansion ratio of 
i n 
1 . 94 :1.00 . Measur ements were t aken both ups tream and downstream of t he 
step fo r an initially full y developed flow. Annaly ~ ~. [ 4] rerorted 
veloci ty profiles and r eat t achment lengths for Reynolds numbers into 
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the turbulent range . It was noted tha t additional regions of separated 
flow appeared on the wall opposite the step and downstream from the 
r eattachment point of the primary separa t ed region for Reynolds numbers 
(Re ) greater than ~188.0 . These additional separated regions were 
s 
fo und to cause the flow to become three-dimensional . As the Reynolds 
number was incr eased through t he transitional and in t o the turbulent 
regime , these additional separated r egions disappear ed. 
Numerical pr edictions were also calculated using a TEACH [74) 
computer code . These are essentially solutions to the two- dimensional 
Navier- Stokes equations . Accurate predictions were obtained up to a 
Reynolds number (Re ) of 178 . 8 . At this point , the additional regions 
s 
of separation began t o appear in the numeri cal predictions and the 
accuracy of th e solution became poor. It was observed that s t eady flow 
predictions could not be employed t o predict essential fea tures of the 
flow in this Reynolds number range . 
Armaly ~al . [2] reported heat and mass transfer data for the same 
flow geometry used in [ 4] . It was originally intended to make a 
comparison of heat transfer r esul t s with the data of Armaly ~al . [2] ; 
however, the measurements in [2] were obtained from a heat source in 
an o therwise unheated wall. The lack of detail concernipg t he exact 
quantities measured and the data fo rma t prohibited a direct comparison . 
Unfortunately , no other heat transfer data were available for a f ully 
developed flow . 
A Reynolds number (Re ) of 100 was calculated . Since the flow is 
s 
fully developed, no inviscid core can be identified , and the entire 
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channel is comprised of a viscous region . Resul t s were obtained by 
utilizing the viscous solut ion pr ocedure with the outer boundar y 
condition for fully developed flow (see Equations (2 . 29- 2 . 30)) . Since 
no temper atures were given , the flow was computed using cons t ant 
properties , evaluated at standard t empera ture and pressure . Fo r the 
heat transfer results, only the walls downs tream f r om the s t ep and t he 
face of the step were heated . After specifying an initial fla t average 
velocity profile , the viscous solution was allowed to proceed until the 
flow was fully developed , after which the s t ep was introduced . 
The pr edicted Nusselt number and f riction coefficient downs tream 
from the s t ep are presented in Figure 5 .10 . It should be no t ed th a t 
this Nusselt number is based on a fixed t emper a ture difference of 
SS . 56 °K (100°R), a nd not on a bulk fluid t emperature diffe r e nce . 
Although no comparison i s made in Figure 5 .10, it is immediatel y obvious 
from the distributions of Nussel t numbe r and fric tion coefficient that 
the Reynolds- Colburn analogy r e l ating friction and hea t transfe r is 
invalid in the separated region . This conclusion was also drawn in [2]. 
Kwon a nd Pletcher [14] have s hown that the one- pass visco us 
solution procedure for f ully developed flows provides good hyd r odynamic 
predictions a nd the present s tudy confirmed this result . Figure 5 . 11 
illustra t es a comparison of velocity profiles in the separa t ed region 
of the flow cons idered. 
Good agreement was obtained with both the exper imen tal res ults a nd 
TEACH predictions made by Armaly ~al. [4] . The one- pass boundary 
layer r esul t s must be considered at l east as accurate as t he TEACH 
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results , al t hough the experimental resul t s for the upper graph on 
Figure 5 . 11 do no t appear t o conserve the overall channel mass flow 
r a te. In addition , t he reattachment length of 4 . 8 s tep heights 
predicted by the one-pass boundary layer solu t ion is i n excellent 
agreemen t with the experime nta l val ue of 5 . 0 s tep heights . 
In this calc ulation , a maximum of 34 grid po in t s were used across 
t he fl ow, while 45 marching s t eps were use d downstream from the expansion. 
The entire separated r egion was comput ed in 8 marching s t eps . A 
similar computation done by Armal y ~al. [41 using t he TEACH code 
required a 48 x 45 numerical grid and 1100 i t era t ions . The one- pass 
boundary layer solution is clearly an extremely efficien t method, and 
s hould the heat transfe r r esults pr ove to be accura t e , t he savings in 
computer time a nd s t orage us ing this method over a Navier- St okes 
solution would be staggering . 
Attempts a t ob taining an accurate solution at Reynolds numbers for 
which additional separ a t ed regions were expected t o appear were 
uns uccess ful. However , only a smal l number o f tests wer e calculated , 
and more work in this area i s needed . 
D. Hea t Transfer t o t he Lamina r Fl ow Over a 
Rearwa rd-Fac ing Step 
The only avail able experimental data fo r heat trans fer in a 
l aminar f low over a r earwa rd-facing step was r epo r ted by Aung [S] . Aung 
r eported f low and heat transfer data for the laminar and transitional 
flow of air in an asyrmnetric expans i on channel. Heat transfer res ults 
were ob tained with a Mach-Zehnder interferometer us ing a constant 
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temperature heated wall . Only a limited amount of flow data was 
reported . Reattachment lengths were measured using a smoke injection 
technique. Data for three step heights (0 . 38 cm, 0 . 64 cm , 1 . 27 cm) were 
r eported for a channel with an inlet height (H. ) of 20 cm . The channel in 
inlet was 30 . 5 cm upstream of the s t ep , although this was not the 
leading edge of the wall boundary layer as the flow was already partially 
developed at this point since a contraction section was used upstream 
of the channel inlet . The outlet was located another 30 . 5 cm downstream 
of the step . Typically, wall temperatures were held constant at 
approximately 322°K, and freestream temperatures of approximately 301°K 
were reported. 
The develo'ping flow over a rearward-facing step i s thought to be 
highly elliptic in nature. In physical terms, this indicates that 
occurrances in the flow both upstream and downstream of the step play a 
strong role in determining the characteristics of the separated region. 
h~ile the fully developed flow considered in the previous section appears 
less susceptible t o this behavior , devel oping flows with relatively thin 
incoming boundary layers and a large inviscid core such as those in 
Aung ' s [5] study a re much more sensitive to the rest of the flowfield . 
Aung [5] listed an approximate displacement thickness and velocity at 
the step for each test case . In order to apply the viscous- inviscid 
interaction procedure to these flows , it was desirable t o fix conditions 
at some point upstream of the step . This allows the presence of the 
step to influence the development of the upstream flow through the 
inviscid solution . In setting uo each case , a channel mass flow rate was 
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obtained f r om the specified velocity and displacement thickness at 
the step . This mass flow r ate was used in a boundary layer solut ion for 
internal flow ( using t he ove r all mass flow r ate cons traint , see 
Eq. (2 . 28)) for an identical channel wi thout a s tep . By co mpa r ing th e 
displacement thickness dis tribution from this solution with the soecified 
displacement thickness a t the s t ep , an apparent leading edge for the 
boundary laye r was dete rmi ned. This apparent leading edge was t hen used 
as a s t a rt ing point t o develop velocity pr of iles as input fo r the 
interaction r egion a t points upstream of the s t ep . Unless otherwise 
noted , the interaction region began a t the physical loca t ion of the 
channel i nl e t and ext ended t o t he physical outl e t of t he channel . This 
procedure does not insure tha t the experimental f low conditions will be 
matched a t the s t ep, and , in fac t, s mall varia tion s occurred between 
numerical and experimental values a t the s t ep fo r ever y case . The f inal 
results a r e presented with these differ e nces in mind . 
The initial es timate fo r t he displacement thickness on both the 
upper and lower walls used in the in t erac t ion pr ocedure were simply a 
smoo t h distribution of values obtained by making an educated guess fo r 
each flow case. Even when these initial values we r e found t o be poo r 
es tima t es , conve r gence was obtained relatively quickly , indicating th e 
inherent s t abili t y of the interaction procedure . 
In mo s t cases , a converged solution was ob t ained in 10-13 
- 3 iter a tions , for a conve r gence cri t e ria (see Eq . (4 . 19)) of £=0 . 5 x 10 . 
This r eq ui r ed app r oximately 3 . 0 minutes of central p rocessor unit (CPU) 
computer time on an NAS- AS/6 computer . Since the interac tion solution 
118 
is dependent upon an arbitrary initial specifica tion of the displacement 
thickness on each wall, it was not possible to make a direct comparison 
of CPU time with other numerical methods . However , even when rough 
initial estimates for the displacement thickness were used, computer 
t imes competitive with current Navier-Stokes solution schemes [75] were 
realized . It was found that the use of variable properties did not 
add significantly to the CPU time required per iteration; however, 1- 2 
extra iterations were necessary to obtain a converged solution . 
For most calculations, 30-100 grid points were used across t he 
viscous flow region. The largest number of points were normally needed 
irmnediately downstr eam from the step . Approximately 200 marching steps 
were used to compute the viscous solution along the entire l ength of the 
channel . The inviscid solution normally utilized a 50 x 60 numerical 
grid . Grid refinement for both the viscous and inviscid solutions left 
the final results relatively unchanged ; however , the ultimate level of 
convergence obtainable was l owered significantly. A slight acceleration 
in the speed of convergence was also noted . This was due to the 
reduction of numerical errors arising from the interpolation routines 
used t o match the viscous and inviscid solutions as discussed in 
sec tion V. A. The grid refinement has the same effect as the use of a 
more accurate interpolation scheme in that it reduces the small changes 
introduced when values must be compared at the same (x) location . 
1 . Reattachment length 
Since Aung [5] did not report extensive velocity data, no detailed 
flowfield comparison may be made . Kwon and Ple t cher [14] have shown 
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that t he viscous - inviscid interaction procedure presented here gives good 
hydr odynamic results. In other studies concerning f l owfield r esults for 
a rearward- facing step flow , a conunon practice i s t o examine the 
streamwise extent of the separat ed r egion . This is also referred t o as 
the reattachment leng t h . A compa rison of predicted dimensionless 
reattachment l engths with o t her laminar flow measurements and predic tions 
is illustrated in Fi gure 5.12. The reattachment lengths are 
nondirnensionalized by the step height, and are plotted against a step 
heigh t Reynolds number (Re) . For all of the cases tested, good 
s 
agreemen t with existing data was obser ved . The nearly linear trend of 
increasing r ea ttachment l ength with increasing Reynolds number was noted. 
It i s inte r es ting t o note tha t extremely good ag r eement was obtained 
with t he finite - analytic solutions of the Navier- St okes equa tions 
reported by Chen [ 75) . 
The wide r ange of scat t e r of the da t a in Fi gure 5 . 12 is due to 
both the varying degree of flow development a t t he step and differences 
in the inle t channel height (H. ) . In fact, direct compar isons of the 
in 
predi c t ed r ea ttachmen t l eng ths with Aung ' s [5] data were unfavorable 
due to differen ces in the displacement thickness at the s t ep . Ideally , 
comparisons should be based on the step height (s), t he inle t channel 
height (H. ), a Reynolds number, and some representation of the flow 
i n 
development a t the s tep . In a theor etical s tudy , Cr amer [9] suggested 
a correlation fo r l amina r reattachment leng t hs based on an analogy with 
an undeflected expanding jet . Eriksen [6] used Cramer' s correla t ion 
parameter s t o obtain a rela t ively consistent corr elation of his 
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experimental reattachment length meas uremen t s . Eriksen pr oposed t he 
correla tion: 
x - x 
r s 
* 6 
s 
0.01325 Re * 
6 
s 
2 
[ (~) 
6 
s 
(5 . 1) 
Equation (5 . 1) includes the effects of Reynolds number, s t ep heigh t, and 
displacement thickness at the step. Figure 5 .13 compares predicted 
reattachment lengths with the experimental data of Aung [5] and Eriksen 
[6] based on the correlation parameters developed by Cr amer [9] . The 
viscous- inviscid interaction res ults appear to be in good s tanding with 
the experimental measurements . The interaction result s appear to form a 
nearly s traight line grouping s t eeper than the experimental r esults , 
although not enough cases were predicted for a meaningful correl a t ion . 
The interaction r esults always t ended t o be sligh tly larger than t he 
experimental r esults; however, it has been no t e d [28] that the flow 
geometry and smoke injection technique used by Aung [5] and Eriksen [6] 
pr ovides some of the s hortes t rea ttachment leng ths r eported . 
In gene r al, the rea ttachment lengths ob t a i ned f r om the visco us -
inviscid interac tion procedure were in sa tisfact or y agr eement with 
accep ted data, and it was believed tha t th e remainder of the flowfield 
r esults were also accurate . 
2 . Step height (s = 0 . 38 cm) 
Two diffe r ent Reynolds numbers were cal cula t e d for the sma llest 
s t ep height (s = 0 . 38 cm) in Aung ' s s tudy . Figure 5 .14 compares predicted 
and experimental Nusselt number s downstream of the s tep for Re ~ 140 . 
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For this case, solu tions were obtained after 12 iterations for a 
convergence criteria of 0.5 x 10-3 . The Nusselt numbers are based on 
the channel inlet height (H . ) and are plotted against a length scale 
in 
nondimensionalized by the step height . The results from the solution 
of the elliptic energy equation shown on Figure 5.14 and other figures 
will be discussed in a later section. The addi tional information 
displayed on Figure 5 .14 indicates the poor agreement with the 
experimental value for the reattachment length. Small differences in 
velocity a nd displacement thickness at the step were noted t o cause 
drastic changes in the length of the separated region. This behavior 
was also noted in the experimental s tudy by Rom and Seginer [25] . In 
an effort to reduce the dependence of the results on the flow conditions 
at the step, results were plotted against a length scale which was 
normalized by the reattachment length . Such a comparison is shown in 
Figure 5.15 . The predicted r esults compared much more favorably with 
the experimental data when plotted in this manner , and excellent 
agreement was fo und in the separated region. Basing the results on the 
reattachment length appears to give the best corr elation , and the 
r emainde r of the r esults in this sec tion will be pr esented in this 
format . A comparison of the temperature profiles downstream of the 
s t ep for this flow is given in Figure 5 . 16. A dimensionless temperature 
is plotted against a height scale normalized by the thermal boundary 
layer thickness (OT, see ~omenclature) . The profiles are compared at 
various distanc~s downstream of the step which were once again 
normalized by the r eattachment length for the reasons discussed. Again, 
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excellent agreement with the experimental data for the temperature 
profiles and thermal boundar y l ayer thickness was realized . 
A second case, Re ~ 204 was also tested for this step height . This 
s 
case was computed using both cons tant proper ties and variable properties. 
The constant property solution was ob tained in 9 iterations , and the 
variable property solution was ob tained in 13 i terations for a conve r gence 
criteria of 0 . 5 x 10-3 . A comparison of predicted Nusse lt numbers and 
other parameters with experimental results is given in Figur e 5 .17. 
Interestingly, nearly identical reattachment lengths were ob t ained for 
both the variable and constant property solutions . It was noted tha t the 
heat transfer results were also near ly identical for both cases . Good 
agreement with the experimental data was found for bo t h cases, especially 
in the separated region . The apparent tendency of the interaction to 
overpredict heat transfer downs tream of reattachment fo r t his and other 
test cases was thought to be connected to the differences in Reynolds 
numbers a t the step . 
It would appear that for the temperature range considered , no l oss 
of accuracy was incurred by the use of constan t properties . No 
experimental temperatur e profile data were given for this test case . A 
comparison of the temperatures given by the variable proper t y and 
constant property solutions indicated no qualitative differences and 
only small quantitative differences. 
3 . Step heigh t (s = 0.64 cm) 
The intermediate step height (s = 0 . 64) was examined for a Reynolds 
number Re ~ 180. This case was tested for constant properties under the 
s 
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conditions when the walls upstream of the step were both heated and 
unheated. The calculation of the case with all walls heated was 
calculated first, and the solution was obtained in 15 iterations for a 
convergence criteria of 0 . 5 x 10-3 The large number of iterations 
r esulted from some experimentation with the relaxation factor w (see 
Equation (4.17)). It was found that the quickest reduction of errors 
resulted by using a strong overrelaxation factor (w ~ 1.8) when errors 
were large, and gradually reducing the relaxation factor to w 1 . 0 as 
the interaction approached convergence . After obtaining t his solution, 
a second solution was obtained by refining the grid in the separated 
region. This solut ion required 6 more iterations, mainly due to the 
lower convergence level obtainable due t o t he grid refinement. Since the 
flow was assumed to have constant properties, the calculation for the 
case when the walls upstream of the step were unheated required only 
one viscous solution f rom the already converged interaction r esults . 
Figure 5.18 compar es predicted and experimental Nussel t numbers fo r 
the cases when the walls upstream of the step were heated and unheated . 
For the case with the wall upst r eam of the s tep heated , good agreement 
was once again obtained in the separa ted region. A slight overprediction 
of heat transfer downstream of reattachment was again observed , but 
once again some difference in Reynolds number was noted. The temperature 
profiles for this flow are given in Figure 5 .19, and the predicted 
results appear to be in good s t anding with the experimental measurements . 
For the case where the walls upstream of the step were not heated , 
the predicted heat transfer results showed good qualitative agreement 
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with the experimental results . Goo d quantitative agreemen t was not 
expected for this case . This fl ow is sensitive t o the conditions 
specified ups tream of the hea t ed r egion, and it was difficult to 
determine the exact experimental thermal conditions a t th~ s tep , making 
this a di fficult case to simula t e . The predicted and exper i mental 
temperature profiles for this flow a r e dis played on Figure 5.20 . Aeain, 
good qualitative agreement with the exper imental resul t s was found . 
Fo r both cases tested, temperature profiles r esembling those normally 
fo und in an a ttached boundary l ayer flow wer e observed approximately 9 
s tep heights downs tream from reattachment . 
4 . Step height (s = 1 . 27 cm) 
A t es t case with a Rey nolds number Re ~ 240 was comput ed for the 
s 
l ar ges t of the s t ep heights used in Aung ' s [5 ] s tudy . A conver ged 
solution was obtained in 23 ite rat ions for a conver gence criteria of 
0 .8 x 10-3 . The infla t ed number o f iterations resul t ed from an 
investigation of the r elationship between the accuracy of the 
i nte r pol a t ion r outine and the absolute convergence level fo r step-type 
flows . It was found that the c ubic spline interpo l a t ion solut ion 
converged faster and more completely (in te rms of the convergence 
• criteria) than a s imila r second degree polynomial curvefit solut i on . 
This was essentially the same finding that was observed for the 
simole two-dimensional internal flow test case described in 
section V.A . It was a l so noted tha t the larger step hei~ht caused 
some reduction in the speed of convergence . 
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Figure 5.21 compares predicted and measured Nussel t numbers fo r 
this flow . At fir st glance, it would appear that there was poor 
agreement with the experimental res ults in the separated region ; however, 
an examination of the Reynolds number information on Figure 5 . 21 indicates 
that a large difference in the displacement thickness Reynolds number at 
the step (Re *) occurred for this flow . Throughout this study it was 
6 
s 
noted that Re * played a critical r ole in determining the characteristics 
0 
s 
of the separated region . 
The t empe r a ture p r ofile comparison shown in Figure 5 . 22 also 
demonstrates the poor agreement in the separated r egion . The results 
from the solution of t he fully elliptic ener gy equation also showed the 
poo~ agreement in the separated region, indicating that t he differences 
were caused by hydrodynamic parameters , and not by thermal par ameters . 
Further downstream, where the effects of Re0* are expected to be less 
s 
importan t, Nusselt number and temperature predictions show better 
agr eement with the experimental measurements. 
For al l cases tested, the predicted flow downs tream of reattachment 
was noticed t o return to that t ypical of an attached developing boundary 
layer. This behavior has been observed in numerous experimental 
studies [5, 6] . Typical boundary layer correlations for velocity and 
temperature were normally recover ed approximately 18 step heights 
downstream of the step . 
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5. Average heat transfer in the sepArated region 
It is also of interest to examine the average heat transfer in the 
separ a t ed region . Fi gure 5.23 compar es the predicted average heat 
trans fer in the separ ated r egion with the experimental data of Aung [5] . 
An average Stanton number for the separated regi on i s plotted against a 
Reynolds number based on the dis t ance be tween the s tep and the appar ent 
leading edge of the s t ep wall boundary layer , (Rex) [5]. By basing t he 
s 
comparisons on t his Reynolds number, errors due t o differences in the 
f l ow development at the step are r educed . The predicted results showed 
good agr eement with the experimental data . The predicted results 
indicat ed the trend of decreasing aver age heat transfer with increasing 
step heigh t for a given Reynolds number (Rex ) also displayed by t he 
s 
experimental results . Both predicted and experimental data indicat e a 
40- 50% reduction in heat transfer for the separated flow when compared 
t o the corresponding attached flow without a step . This finding was 
in good ag r eement with the val ue of 44% indicated in the theor etical 
study of Chapman [15 ]. 
E. Elliptic Energy Equation 
Fl owf ield predic tions f rom the interaction proced ure for constant 
property flow wer e obtained for test cases at each step heigh t in 
Aung ' s [5] s tudy . This ve l ocity information was t hen used t o calculate 
solut ions of t he f ully elliptic energy equation , Equation (2 . 41), 
discussed in sections III.C and IV . D. The elliptic energy equation 
sol ution utili zed a 40 x 100 numerical grid . The l arge number of grid 
points i n the normal direction were used since the velocity results ~ere 
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obtained from the grid used for the viscous solution. Since the 
boundary layer temperature results were used as the initial conditions 
for the solution , convergence was achieved relati':ely quickly . Typically, 
convergence was obtained in approximately 15 iterations for a conver gence 
criteria E = 1 . 0 x 10- 3 (see Equation (4.29)) . 
Nusselt number results obtained f r om the solution of the elliptic 
energy equation for the three step heights are given in Figur es 5 .14 , 
5 . 15, 5 . 18, and 5.21 . Good agr eement was obtained with the results f r om 
the boundar y layer energy equation, Equation (2.13), in each case . For 
those cases where the boundary layer energy equation results did not 
agr ee well with experimental measurements, the elliptic energy equation 
results showed no better agreement . 
The ell iptic energy equation includes the effects of streamwise 
convec t ion and conduc t ion t hroughout the flow, while th e boundary layer 
energy equation does not . Since the results from both solutions were 
similar , it appears that the FLARE approximation and neglect of axial 
conduction in the boundar y layer energy equation do not cause any 
significant errors fo r the flows conside r ed . 
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VI. CONCLUSIONS AND RECOMHENDATIONS 
This chapter summarizes the major points of this study , and makes 
s uggestions for areas of future study . 
A. Conclusions 
A viscous- inviscid interaction method was presented for pr edicting 
hea t transfer in t he separating flow over a rearward- facing step . 
Al though t he pr ocedure was developed for t wo- dimensional syrmnetric and 
asynunet r ic channel expansions , the method i s believed to be applicable 
as well to axisynnnetric expans ions and other two-dimensional geome tries . 
The interaction solution method was found to be bo t h stable and efficient. 
In a pr e l iminary s tudy for internal flow, it was determined that 
inter polation schemes used to match viscous and inviscid information a t 
the same (x) location limited the ultimate level of convergence attainable 
by the interaction . A second s tudy for a symmetric diffuser using 
visco us - inviscid interaction showed good agreement with higher o rder 
solutions indicating the validity of the use of the boundar y layer 
equations fo r this class of separated flows. 
For rearward-facing s t ep flows , the interaction procedure converged 
in 8-12 iter ations . The most rapid convergence was obtained by using 
a l a r ge overrelaxa tion factor at the beginning of the interaction when 
differences in edge velocities wer e l arge , and gradually reducing the 
rel axation facto r as the solution approached conver gence . The solution 
scheme for the boundary l ayer energy equa tion incorporating the FLARE 
approximate was well-behaved , and the incompressible flow results 
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indicated t hat solut ions were independent of the t emperature difference 
used . Solutions for cases involving variable properties wer e nearly 
identical to those for constant proper t y flow . Computation times for 
variable property flow were only slightly larger than for constant 
properties. It was observed that the degree of flow development a t t he 
s tep played a crucial role in determining t he characteristics of the 
separated r egion . By comparing r esul ts using methods to reduce the 
errors introduced by differences in flow development at the step , the 
predicted data showed favorable agr eement with experimental measurements . 
The r esults ob tained f r om solving the fully elliptic energy equation 
were found t o be in good agreement with those ob t ained from the boundary 
layer form of the energy equation. This indicates that the errors 
introduced by the use of the FLARE approximation and the neglect of 
axial conduction in the boundary layer energy equation a re small for 
separated flows of the t ype considered in this study. 
A one- pass viscous solution procedure was developed fo r predicting 
heat trans fer in f ul ly developed separat ing flows . Although no 
experimental data for heat trans fer were available, good agreement was 
found fo r the flowfield results. The method was noted to be at least 
as accura t e as o ther higher order solution schemes for such flows , while 
demonstrating superior computational efficiency. 
B. Recommendations 
Clearly the largest drawback in the progress of this study was 
the lack of laminar experimental heat transfer data fo r r earward- facing 
step flows . Only one source for data was known to t he aut hor, making 
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extensive comparisons impossible. Detailed experimen t al heat transfer 
da t a fo r laminar flows is necessar y to verify the solut ion models fo r 
both developing and fully developed flows. 
Further i nves tigation with. t he interaction model fo r turbulent flow 
should provide some useful information concerning turbulence models for 
heat transfe r in separated flows . Curren t turbulent co rrelat ions such 
as wall functions show lit tle promise for accura t e pr edictions of heat 
transfer in r ec irculatin g f l ow . 
In order t o improve the convergence of the i nteraction solution , 
some scheme which insures that viscous and inviscid solut ions a r e 
always calculated at identical locations in the flow ( t o eliminat e the 
need fo r interpolation) should be tes t ed . 
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IX . APPENDIX A: COORDINATE TRANSFOR.MATIO!\ IN TIIE 
INVISCID FLOW D0~1AIN 
The coordina t e transformation for the inviscid flow domain used in 
this s tudy involved r eplacing the independent variables (x,y) with a new 
set of variables (t , n) such tha t: 
x - x 
0 
L 
e 
y - 0 * 
L n = _* ___ * 
cu - c\ 
(2 . 65) 
(2 . 66) 
In order to represent the governing equation (2 . 59) in terms of 
these new coordina tes, the chain rule may be us ed to evaluate 
derivatives of t and n in terms of x and y as follows: 
d~ 1 -=-
dx L 
e 
df,; = 0 
dy 
* * 
dn 
dx = 
1 doUL <lo1 - -*- { n dX + dx } 
0uL 
dn = 1 
dy 6~ 
d2~ 
0 -- = 
dx 2 
(9 . 1) 
(9 . 2) 
(9 . 3) 
(9. 4) 
(9 . 5) 
a2n = !__ 
dx
2 
L 
2 
e 
d2 t,; 
-= 
dy 
2 
d2 
__!l = 
dy 2 
0 
0 
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2 ,, 
(1- n) d 0L 
o~L df,;2 (9 . 6) 
(9 . 7) 
(9 . 8) 
Using Equations (9 .1 - 9 . 8) and the chain rule, the derivative s in 
the governing equation may be replaced by : 
* * 
+ 1 
do1 do UL 321/J 
L2 * 2 ~+ n --ar an2 oUL e 
* ... ;°'\ +~! I 2 do UL a o~ do UL ---- <at,; + n~) * 2 dt,; oUL 
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1 --
* 
(9 . 9) 
cS UL 
and 
2i;- "\ 2 "'''' - 1 ..,2,,, + (-d _..,,) ~ + ( d n) a '+' a '+' 
dy2 as dy2 an - 0* 2 an2 
UL 
(9 . 10) 
Substitution of Equations (9 . 9) and (9 . 10) into Equation (2 . 59 ) 
results in Equation (2 . 67) . The boundary condi tions may be developed 
directly us ing Equations (9 .1 - 9 .8 ) . 
flow 
other 
where 
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X. APPENDIX B: PRANDTL'S TRANSPOSITION THEORE1 FOR 
VISCOUS FLO\.IS 
Prandtl [61] presented a method of solution for boundary laye r 
whereby a known solution [u
1 
(x,y), v1 (x , y)] may be used t o find 
sets of solutions of the form [u2(x,y + t ( x)), v 2(x,y + t(x))] 
solution 2 sat isfies the same governing equations and boundary 
conditions as sol ut ion 1 . The theorem is best described in the form of 
a coor dinate transformation of the form 
x = x (2.46) 
y = y + t(x) (2 .47) 
wher e t(x) r epr esents a distance used to " displace" the known solution 
along surface 1 t o the desir ed solution along surface 2 . No ting the 
following derivatives: 
dx 
dx 1 
dx -=O 
dy 
~ = dt(x) 
dx dx 
~ 1 dy 
d2x ' 
dx2 
2 I 
~= 
dy2 
(10.1) 
(10 .2 ) 
(10. 3) 
(10 . 4) 
0 (10 . 5) 
0 (10 . 6) 
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and use of the chain rule, 
a = _a_+ dt(x) 
Clx ax ' dx 
a 
Cly = ay 
a (10 . 7) I 
ay 
(10 . 8) 
allows the governing continuity and momentum equations t o be written as : 
a(p u) +_a_ ( + dt(x) p u) 
' ' pv dx 
Cl x Cly 
0 
P u Cl u
1 
+ [pv + dt~:) p u] au
1 
__ iP, + ~ ( µ au
1
) 
ax ay dx ay Cly 
If the substitution 
w = V + dt(x) dx u 
(10 . 9) 
(10 .10) 
(2 . 53) 
is made , the original form of the governing equations (2 . 11- 2.1 3) is 
recovered as: 
a (p u) + a (pw) 
I I 0 ( 10 .11) 
ax ay 
PU dU I + PW au I = _ iP, + -1..- (µ dU I ) (10 .12 ) 
ax Cly dx Cly Cly 
Thus, solut ions of u (x , y) , v(x,y) from the original governing equations 
I I I 
(2.6- 2 . 7) also represents solutions of u(x , y ), w(x , y) f r om the 
transformed equations (10 . 11, 10 .12), whe r e the same boundary conditions 
are used for both solutions. 
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Obviously , some limitations on this theorem exist for the values o f 
t(x). Glauert [73] examined the terms neglected in the boundary layer 
o rder of magnitude analysis to determine the limitations on t(x). In 
boundary layer flow, the largest term neglected is 0(6) , where 6 
represents the thickness of the boundary laye r, bodily dimensions are 
0(1), and 
1 is oc2 ) . 
the Reynolds number resulting from the nondimensionalization 
1 a2u 
Expanding the term Re ax2 , the terms 6 
2 2 
1 Ca ~ 2 ) (a t (x)) Re ax ay 
and 
2 
1 (au , ) (a t(x)) 
Re 2 ay ax 
appear, and must be O( o) in accordance with the boundary layer 
assumptions . This indicates that 
a t(x) 0( 61/2) ax 
(10 . 13) 
(10.14) 
(10 .15 ) 
(10 .16) 
Otherwise additional terms must be added to th e governin g equations. 
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XI. APPENDIX C: EVALUATION OF THE EDGE PRESSURE 
GRADIENT , EDGE VELOCITY, EDGE STREA1'1-
fUNCTION , AND EDGE ENTHALPY FO~ 
VISCOUS , COMPRESSIBLE FLOW 
A. Direct Solution Procedure 
For a di rect solution, the edge velocity is specified as : 
ui+l = u (x) = known . 
NJ e 
(11. 1) 
The pressure gradient may then be found directly by applying t he 
New t on linearization procedure t o the Eul er equation form of the 
pressure gradien t as: 
i+l x 
du 
e 
p eue dx (ll . 2) 
Equations (4.3) and (4.4) may then be applied directly to obtain 
i+l i +l 
UNJ- 1 and l!'NJ-1 ' ljl i+l may be found by using Equation (3 . 16) t o find : NJ 
ljli+l 
NJ 
B. Inverse Solution Procedure 
1 . Specified displacement thickness 
For external flows , or i nternal flows where viscous- inviscid 
(ll . 3) 
interaction is to be used , specification of the displacement thickness 
allows the edge pressure gradient to be determined . 
Noting 
(11.4) 
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and combining this with Equations (4.3), (4 . 4), (J . 16), and (11.2) , 
allows the pressure gradient to be determined as: 
FC (2 Ui+l)- (Ui -yi+l) 
2 
i+l FA NJ NJ 
- UNJ 
x 
b.X+ FB (2 if-+l i --- - UNJ) "i+l FA NJ 
PNJ 
where 
FA (YNJ 
6*i+l) " i+l 
PNJ BNJ-1 
t.J.y- ( i+l + 
2 o NJ 
FB 
b.Y - "i+l D.~U-1 + -2- PNJ-1 ~J-1 
FC 
It follows that 
FB Xi+l + FC 
FA FA 
" Hl 
PNJ- 1 
2 . Symmetric channel flow (or constant mass flow rate) 
( 11. 5) 
~J-1 ) (11 .6) 
(11. 7) 
(11. 8) 
(11 . 9) 
(11.10) 
Use of the SYpUiletry condition specified in Equation (2 . 31) for a 
finite difference solution proceeds by noting: 
a i+l 0i+l 4 1 0
i+l ui+l 
(~) - NJ 2 NJ- 1 NJ- 2 2 (- --) - + 26Y- 2 ay b.Y- !.J.Y- 2 b.Y-1 (11 . 11) 
YNJ- l - YNJ- 2 . It follows that 
and 
4 where c = --
1 4- K 
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\f i+l= I!' /2 
NJ tot 
and K 
Since \f i+l i s already known f r om Equation (11.13) above , 
NJ 
(11.12) 
(11.13) 
combination of this with Equations (4.3), (4.4), (3 . 16) , and Equation 
(4 . 3) written at j = NJ-2 
i+l 
UNJ- 2 
i+l + a ' i+l + c ~J- 2 U't-rJ- 1 rJJ- 2 X NJ- 2 
allows the pr essure gradient to be written as : 
where 
£1 = c l ~J-1 - 1 - c2 ~J-2 ~J-1 
£2 = c 1 ~J-1 - c 2 ~J-2 1\rJ- 1 c2 l\TJ- 2 
£3 c2 ~J- 2 CNJ-1 + c2 CNJ-2 c l CNJ- 1 
ml = BNJ- 1 
+ 6Y- " i+l 
-2- ONJ 
+ 6Y- " i+l 
-2- 0 NJ-1 ~J-1 
m2 DNJ- 1 
+ b.Y- " i+l 
-2- PNJ- 1 ~J-1 
-6Y = \II - ENJ- 1 
Ai+l 
CNJ- 1 m3 ' tot - -2- PNJ-1 
(11 . 14) 
(11.15) 
(11 . 16) 
(11 . 17) 
(11. 18) 
( 11 . 19) 
(11.20) 
(11. 21) 
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3. Asymmetric channel f low 
For viscous solutions which cover the entire channel, wall 
conditions are specified on the upper boundary as 
and 
'¥i+l 
NJ 
0 
'¥ 
tot 
(11. 22) 
(11 . 23) 
Combining these with Equations (4.3), (4.4) , and (3.16) yields: 
i+l x 
( 6Y ) " i+l ~to t - 2 PNJ- 1 CNJ- 1 - ENJ-1 
·c. Edge Enthalpy Speci fication 
1. Constant enthalpy freestream 
( 11. 24) 
The constant entha lpy f reestream boundary condition in Equation 
(2 . 34) allows 
H_i+Jl --N constant 
to be found immediately . 
2. Asymmetric or fully developed internal f l ows 
For internal f lows where the viscous solution encompasses the 
entire channel width, the outer boundary condition for a constant 
temperature wall becomes: 
"'i+l 
HN1 c T /H f . p w re 
(11. 25) 
(11 . 26) 
161 
XII . APPENDIX D: FOR.'11..H.AS FOR PROPERTY \'ARIA TIO ·s 
Since the flow in th e vi scous regions may be expected t o exper ience 
some variation in fluid properties, a constituitive relationship between 
the fl uid prope rties and the thermodynami c va riables mus t be specified . 
Since t he working fluid fo r every case is cons idered to be air , a 
per fect gas ass umpt ion i s justifiable. Ther efor e , we expect 
p .L 
RT 
(12 .1) 
whe r e R is the ideal gas cons tant, and p r ep resents the thermodynamic 
press ure which i s determined by specifying an inlet pressure and 
tracking t he pressur e gradient. In this 
ft-lb f 
lb - 0 ~) . 
study , t he gas constant was 
N-m 
t aken to be R = 287 Kg- oK (53 . 3 
ID 
The variation i n the viscosity was t aken to be well- represented by 
the Sutherland Law formula (see e . g . [73)) as : 
T 3/2 
].J = J.Jre f (--) ( S + T ) 
Tr ef S + Tr ef 
(12 . 2) 
Fo r a ir, th e values of the cons tants in this equation were taken as : 
s 
T r ef 
lb 
= 1 . 723 x 10-5 N-s (1 .158 x 10- S m) 
2 Tt:-s (12 . 3) 
m 
110 . 56°K (199 . 0 °R) (12 .4) 
273 . 11 °K (491 . 6 °R) (12 . 5) 
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For the range of temperatures encountered in this study, the value 
of the Prandtl number remained essentially unchanged , so a constant 
value of 
Pr constant= 0.70 . 
Similarly , the specific heat was also assumed constant as 
c p constant 
= 1005 N-rn (O 2399 BTU ) 
Kg-°K . lb - 0 R 
m 
(12 . 6) 
(12 . 7) 
and variations in the fluid conduc tivity is available directly from the 
c µ 
definition of the Prandtl number (Pr = --t-) as 
c µ 
k = _L 
Pr 
(12 . 8) 
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XIII . APPENDIX E: COEFFICIENTS FOR THE BOu~DARY LAYER 
SOLUTION SCHEME (MOMENTUM AND ENERGY) 
Use of the finite- difference fo rm of the governing equations 
(Equations (3 . 16- 3.18)) coupled with the lineariza tion pr ocedure 
described, allows a set of linear algebr aic equa tions t o be written at 
each grid point, as shown in Equations (3 . 26) and (4.1) . The 
coeffic i ents used in these equations a re defined as: 
(6Y- ~~+l - 'l' ~ 2Mi+l r A. J J + j+l /2 6Y (13. 1) 
J 6Y+ 6X+ b.Y+ tot 
- i+l - 'l' i 2Mi~~/ 2)/ (6Y: '!' . B. = J J - J 6Y (13 . 2) 
J 6Y 6X+ b.Y- t ot 
"" i+l- i+l 2 - i+l- i+l cp . U. '!' . U. ( 6Y:_ 6Y: ) c . ] J (13 . 3) 
J 6X+ 6X+6Y 6Y 6Y t o t 
"" i+l 
c2i/+1 - U~) +( 6Y- _ 6Y: ) (~~+l - '¥~) D. = cp . 
J J 6X+ 6Y+ 6Y 6X.+6Y 
t o t 
( i+l i+l ) M.+1/2 M._1/2 ~ + 2 J + J 6Y (13 . 4) 
6Y+ 6Y- t ot 
E. = (-6Y- .i/+1 +(6Y- 6Y+) Ui+l 6Y+ i+l)} + (13 . 5) - . - - - . + - U. 6X 6Y J 6Y+ J+l 6Y+ 6Y- J 6Y- J - l t o t 
H. 1. 0 (13 . 6) J 
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--i+l -
b . 
pj _16Y 
J 2 
(13 . 7) 
" i+l -p . b.Y 
d. J 
J 2 
(13 . 8) 
* ~ (-('¥~+ 1 - \jl~) i+l ) / + A. 6X+ 6Y - 2Qj l /2 6Y 6Yto t J ( 13. 9) 
* ~ ( (~i+l - \jl~) 6Y+ - i+l ) ; -B. 2Qj - 1/2 6Y tiYto t J 6X+ (13 . 10) 
" i+l i+l" i (Ui+l + u~+l) (Ui+l - u~+l) 2 
* 
cp. U. H. i+l u ref c. = J J J + Nj+l/2 
j +l J j+l J 
J tiX+ tiYtot 6Y+ 
H 
ref 
(U~+l + U~+l) (U~+l _ ui+l) 2 
i+l u ref J J-l J j-1 (13 . 11) + Nj - 1/2 
L'.1Y tot tiY 
H ref 
" i+l
0
i+l i+l i ) 
* cp j j (~ . - ~ .) (6Y- _ 6Y+ D. + 
J 6X+ 6X+6Y 6Y+ 6Y-
tot 
i+l i+l 
+ 
2Qj+l/2 
+ 
ZQj - 1/2 
(13 . 12) 
6Y+6Y -6Y 6Y tot tot 
In the r educt i on of the block-tridiagonal matrix given in 
Equat i on (4 . 2) , elimina tion of the lower diagonal elements yields 
Equations (4 . 3) and (4 . 4) where the coefficients a re defined below . 
A. 
A. = - _J_ 
J ql 
(13 . 13) 
B. Ajq2 J 
(13 . 14) 
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1 
C. = - [C . 
J ql J 
I I 
B.C . l - E.(b.C. l + E.)] 
J J - J J J - J 
(13 . 15) 
D. b.H. l + D. l + q 2H. J J J- J - J 
(13 . 16) 
I I 
E. = b.C. l + E. l + C.q2 J J J - J - J 
(13. 17) 
1 ' ' I 
H. =- [H. - B.H. l - E.(b.H. l + D. 1 )] J ql J J J - J J J - J-
(13 . 18) 
I 
ql D. + A. 1 (b .E. + B. ) + E. (B . l + d.) J J - J J J J J - J 
(13 . 19) 
I 
q2 = d. + b.A. l + B. l J J J - J - (13 . 20) 
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XIV. APPENDIX F: COEFFICIENTS FOR THE INVISCID SOLUTION SCHE~1E 
The nondimensionalized inviscid equation (3.28) given in Chapter III 
may be expanded using standard central differences as : 
( lfl ~+l - 2'¥ ~ 
inv. inv. 
+ n 
"*i+l " *i- 1 J [ (lfl~+l - 'l'~-l ) 
( o UL - c UL ) __ in_v~j,_+...::.l:__ _ in_v~J.._· +;,_;:l=--
6 E, 
26[, 
1 [ 2 +-*.2L+ 
" ·i e 
cUL 
" *i+l A)'<i- 1 
oL - o L 
( 26[, 
" *i+l " *i- 1 2 ] cUL - oUL 
+ n 26t, ) 
( '¥~ - 2 '¥ ~ + 'I' ~ ) 
i nvj+l invj invj - l 
6n2 
2 ( cUL -l 
"*i+l 
+ 6~2 26[, 
oUL ) (cL - CL ) ( oUL - CUL ) " *i- 1 [ " *i+l " *i-1 "*i+l " *i- 1 l 
nr. + n 26[. 
" *i-1 
CL ) 
+ n 
c6*i+1 - z6*i + 
UL UL 
6[,2 
( l!' i 'I'~ ) 
invj+l - rnvj-l 
26n 0 . 
(14 . 1) 
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This may be rearranged to the form given in Equation (3 . 33) where 
the coefficients are defined as : 
A = c -1 l" *i+l 
ljJ 46 6*i L n UL 
1 
cl)J = 211n 
1 
5~+1 - 5~-1 ("*i+l 
----2-- cL -
"'* ' 2 c l. 
UL 
c -
(
" *i+l 
L 
" *i- 1 
cL + 
(14 . 2) 
(14 . 3) 
(14 . 4) 
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XV . APPENDIX G: DIAGONAL DOMINANCE OF THE INV I SC ID FLOH 
COEFFICIENT ~TRIX 
For the alternating direction implicit (ADI) method used to solve 
the linear matrix of equations resulting from Equation (3 . 33) written 
for each grid point , diagonal dominance must be maintained in both 
the streamwise and normal directions . 
Streamwise direction: 
In the streamwise direction, the absolute value of t he diagonal 
term in Equation (3 . 33) is 2(1 + B\}J), where B\}J is defined in Appendix F. 
The sum of the absolute value of the off diagonal terms is 2 . Since 
B\}J is always positive , then 
(15 . 1) 
and diagonal dominance is always maintained. 
Normal direction: 
The absolute value of the diagonal term in the normal direction is 
also 2(1 + B 1) . 1)) The sum of the absolute value of the off diagonal terms 
is IBl/I + cl/II + Isl/I - c\JJI . 
and becomes 2IC\}JI if IB\}JI 
Obviously' this b ecomes 21 B\}J I if I B\}J I ~ cl/I I ' 
< lc\}JI. Since Bl/I is always 
is always greater than IB\jJI . 
lc\}JI necessary . 
Noting : 
This makes a comparison 
positive, l l +Bl/II 
of I 1 + Bt!J I and 
(1 + Bl/!)
2 
= 1 + 2BljJ + Bl/!
2 
= 1 + --
2
-*-.-2 
"' l. c2~noUL) 
and 
c 2 
ljJ 
+ cS -[
" *i+l 
L 
+ ca" *i +1 
nj UL 
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(15 . 2) 
(15. 3) 
170 
A comparison of the fifth t erm on the right- hand side of 
Equation (15.2) and the first term of the right-hand side of Equation 
(15.3) yields : 
[fifth term of Equation (15.2)] - [first term of Equation (15 .3)) 
( 
2tit.;£e 2 
(--) -
tin 
" *i+l " *i- 1 
2
) 
( c UL - cUL ) . 
- 0 ) " '~i - 1 ) 2 
UL 
h A~ A and (; UL*i+l - ;UL*i-1) 11 d b T e terms u..,, , un , u u are a expecte to e 
(15 . 4) 
approximately the same order of magnitude, and are all very small when 
" compared t o L . Thus, the fift h term in Equation (15.2) is greater than 
e 
the first term in Equation (15.3). A similar comparison of the second 
and third terms on the righ t - hand side of Equation (15 .3) yields the 
same conclusions , and thus, it may be stated that 
(15.5) 
and diagonal dominance is maintained in the normal direction . 
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XVI. APPENDIX H: CONSISTENCY OF THE FINITE-DIFFERENCE EQUATIONS 
Consistency deals with the extent t o which the finite- difference 
equation approxima tes the partial differential equation represented . 
A finite difference equation is consis t ent if the truncation error 
vanishes as the numerical mesh is r efined . This is usually demonstrated 
by expanding the variables in the differential equation in a Taylor 
series about a common point . 
For this s tudy , consistency may be evaluated on a term by term 
basis . For example, consider the second order r epr esentation for the 
transve r se convective term used in the momen tum equation (3 .17) for a 
variable grid . (A similar term mav be found in the energy equation 
(3 . 18) .) 
In order to r epr esent the term 
(au) 
Cly .. 
1,J 
a Taylor series expansion is used abou t the point (i , j) to approxima te 
neighboring points as: 
3 
t,y+ 3 
+-3 '. ( a u3) + . ... . 
Cly i,j 
(16 . 1) 
u . . 1 l , J-
u .. 
l,J 
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3 3 
6Y (~) 
- ~ "'Y3 .. + ... . . 
0 1. 'J 
(16 . 2) 
where 6Y+ = y. 
1 
- y. and 6Y- = y . - y. 
1
. Multipl ying Equation (16.1) 
J+ J J J -
by (6Y-/6Y+) 2 and subtracting Equation (16.2), the following equation 
is obtained : 
- 2 
[(6Y) -1 u .. ] 
6Y+ i,J 
+ -
6Y + 6Y 
3 
( a u3) + . . . . . 
ay i , j 
This may be r earranged to find 
(u. ·+i - u .. ) Ay+ (U . . - u .. 1) ) l,J l,J + ( L.l ) l ,J l,J-
Ay+ 6Y -
u t ot 6Y 
6Y tot 
3 
( a u3) + . . . . . 
ay i,j 
where 6Y = 6Y+ + 6Y 
tot 
(16 . 3) 
(16 . 4) 
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In order t o form the finit e- difference representation , all but the 
first term on the right- hand side of Equation (16 . 4) are grouped 
together and neglected . These neglected terms represent the truncation 
err or of the finite- difference formulation . This leaves: 
"Y- ( u . . +l - u . . ) "Y+ ( u . . - u . . 1) 
( LI ) 1 ,J 1,J + Cif"--> J. , J J. , J -
6.Yt o t 6Y + tot 6Y 
(au) (16. 5) ay .. 
1 ,J 
whi ch is the form used in the finite- difference equation (3 . 17 ) . This 
representation is termed second order accurate, 
2 0 (6Y) , because in 
the limit , t erms neglected in developing the fin i t e- difference 
2 rep r esentat i on can be replaced by k(6Y) , where k represents an upper 
bound on the error . 
The remaining terms in each fini t e- difference equation may be 
shown to be consistent in a similar manner , thus the entire equation 
is said to be consistent. 
